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Abstract 

The canonical quantization of = 1 and N = 2 supergravity theories is reviewed in this 
report. A special emphasis is given to the topic of supersymmetric Bianchi class-A and FRW 
minisuperspaces, namely in the presence of supermatter fields. The quantization of the general 
theory (including supermatter) is also contemplated. The issue of quantum physical states is 
subsequently analysed. A discussion on further research problems still waiting to be addressed 
is included. An extensive and updated bibliography concludes this review. 



1 Introduction 



Research in supersymmetric quantum gravity and cosmology using canonical methods started 
about 20 years ago IQ-ll]- Since then, many papers relating to the subject have appeared in the 
literature In this review we will describe how some difficulties (which seemed to disclose a 

disconcerting future) were sensibly subdued. However, there are still other problems which have not 
yet been satisfactorily addressed or even considered. In fact, these may constitute additional tests 
that supersymmetric quantum gravity and cosmology has to confront. By presenting this review in 
this way, we aim to further motivate the interested reader in following our steps. 

The canonical quantization of supergravity theories constitutes a fascinating topic. A theory of 
quantum gravity is one of the foremost aspirations in theoretical physics and a promising line of 
approach is the use of nonperturbative methods |^-||72[. The inclusion of supersymmetry seems to 
yield significative benefits as well. 

Supersymmetry is an attractive concept whose basic feature is a transformation which relates 
bosons to fermions and vice- versa |7^-[^. Its promotion to a gauge symmetry has resulted in an 
elegant field theory: supergravity |^-[|85|. One of its more significant features is that the presence 
of local supersymmetry naturally implies space-time to be curved. Hence, gravity must necessarally 
be present. Supergravity constitutes an extension the general relativity theory of gravity . At large 
scales, supergravity allows to make the same predictions for classical tests as general relativity. But 
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at small (microscopic) scales, supergravity quantum effects may instead bring about the cancelation 
of infinities otherwise present in several appraches to a quantum gravity theory. In particular, 
supersymmetry may play an important role when dealing with (ultra violet) divergences in quantum 
cosmology and gravity and removing Planckian masses induced by wormholes ID, |S^. For 



these and other reasons W^, some researchers hope that nature has reserved a rightful place for 



supersymmetry and supergravity |7^. Furthermore, it would probably be adequate for the purpose 
of studying the very early universe to consider scenarios where both bosonic and fermionic matter 
fields would be present on an equal footing. 

The canonical formulation of N=l (pure) supergravity was presented in ref. following ref. 
N=l supergravity is a theory with a gauge invariances. Namely, it is invariant under local 
coordinate, Lorentz and supersymmetry transformations. As standard for theories of this type, 
these gauge invariances are translated into constraints for the physical variables. Adopting the Dirac 
quantization procedure (see e.g., ref. [H]-[^]), these constraints become operators applied to physical 
wave functionals, \E', and are subsequently equated to zero. A fundamental feature of the canonical 
formulation is that in finding a physical state, it would be sufficient to just solve the Lorentz and 
supersymmetry constraints: the algebra of constraints implies that \E' will consequently obey the 
Hamiltonian and momentum constraintsB as well p|, For this reason, N=l supergravity is said 
to constitute a (Dirac-like) square root of gravity 0. Notice that the Lorentz and supersymmetry 
constraints induce a set of coupled first-order differential equations for to satisfy. However, the 
analysis (in particular, obtaining quantum physical solutions) of the general theory of supergravity is 
a laborious assignement: one has infinite degrees of freedom. Hence, a sensible option is to consider 
instead simple truncated models. 

Spatially homogeneous minisuperspace models have indeed proved to be a very valuable tool in 
supergravity theories. The study of minisuperspaces have led to important and interesting results, 
pointing out to useful lines of research. Most of these features have not been contemplated before 
in far more complicated situations. Moreover, we hope that some of the results present in the 
minisuperspace sector will hold in the full theory. 

The reduction of N=l supergravity in 4 dimensions to 1-dimensional models through suitable 



homogeneous ansatze (see ref. 0-1^, |^-|^) leads to minisuperspaces with N=4 local super- 
symmetry. FRW models are the simplest ones. Bianchi models enable us to consider anisotropic 
gravitational degrees of freedom and thus more gravitino modes. An important feature is that the 
fermion number defined by the Rarita-Schwinger (gravitino) field is then a good quantum number. 
Hence, each sector with a fixed fermion number may be treated separately. Nevertheless, we must 
be aware of the severe reduction of degrees of freedom that a homogeneity truncation implies. The 
validity of the minisuperspace approximation in supersymmetric models is yet a problem open for 
discussion!. 

Using the triad ADM canonical formulation, Bianchi class-A models! obtained from pure = 1 
supergravity have been studied in ref. ^-fT^ and receive a significant contribution in ref. |T^, 
Quantum states are described by a wave function of the form 'if{eAA'i,'ipAi) where caah and ipAi 
denote, respectively, the two-component spinor form of the tetrad and the spin-| gravitino field. The 



^The factor ordering in the Hamiltonian constraint is determined by how fermionic derivatives are ordered in 
the supersymmetry constraints, through their anti-commutation relations. When establishing the ordering of the 
fermionic derivatives we usually assume that the supersymmetry constraints should describe the left and right handed 
supersymmetry transformations B. When considering reduced minisuperspace models, different factor ordering have 



been chosen |2|-|24|, |26|1-|J. 

detailed analysis regarding the validity of minisuperspace truncation in the context of ordinary quantum cos- 
mology was presented in ref. |Q . 

■^Supersymmetry (as well as other considerations) forbids mini-superspace models of class B to be considered in 
this context. 
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wave function is then expanded in even powers of ip^i, symbolically represented by ?/^°, ip'^, ip^ up to 
because of the anti-commutations relations of the six spatial components of the gravitino fields 
I and section 3). 

solutions were only present in the empty ip'^ (bosonic) and fermionic filled 



Csee ref. P, 10, 22, 23 



Prior to ref. 

sectors. But this curious result was joined by yet another disturbing one. When a cosmological 
constant (A > 0) was added, it led to the undesirable situation that no physical states but the trivial 
one, = 0, were found pT|, E2l |23, p9[. Regarding the k = +1 FRW model, a bosonic state was 



found, namely the Hartle-Hawking solution |7y] for a De Sitter case. 

It seemed that the gravitational and gravitino modes that were allowed to be excited contributed 
in such a way as to give only very simple states or even forbid any physical solutions. However, we 
could not identify both a wormhole [|7T| and a Hartle-Hawking |j70[ state in the same spectrum of 
solutions. Finding one or the other depended on homogeneity conditions imposed on the gravitino 
(cf. ref. in]]). Furthermore, these solutions were shown (see ref. |^ , ^) to have no counterpart 
in the full theory: states with finite number of fermions are impossible there. These results seemed 
then to suggest that minisuperspaces could be useless as models of full supergravity. 

These problems were then properly subdued in ref. |jl3|, |14|. The cause for the disconcerting 
results mentioned above was the use (see ref. [p|-[p!2|. 



2T|-p3[) of an ansatz too restrictive for the ip 



and ip^ fermionic (middle) sectors. More precisely, gravitational degrees of freedom were not properly 
taken into account. Hence, only two Lorentz invariants terms in each of the ip'^ and ip'^ sectors were 
allowed. These sectors included only the modes of the gravitino field. However, there may be actuall 
up to 15 such invariants in these sectors, when the gravitational modes are rightfully considered! 
All the 15 amplitudes are assembled in terms of a single one which must satisfy a Wheeler-DeWitt 
equation. As a consequence, nontrivial solutions were then found in ref. |jl3|, |1^ for all the fermionic 
sectors, of which infinitely many have fermion number 2 and 4. Thus, these physical states may 
have direct analogues in full supergravity. Furthermore, supersymmetric minisuperspaces recover 
their significance as models of the general theory of supergravity. For a particular factor ordering, 
the (Hawking-Page) wormhole solution is obtained in the ip'^ sector and the (Hartle-Hawking) 
no-boundary solution [|70| in the tp'^ fermionic sector. I.e., in the same spectrum of solutions. 

TB| , could not be straightforwardly employed to 



Nevertheless, the improved approach of ref. 



solve the cosmological constant conundrum: terms with A with violate fermionic number conservation 
in each fermionic sector of Only an extension of the ideas present in [13, n] using Ashtekar 
variables ||6^ allowed this problem to be solved (cf. ref. ||2^). Solutions have the form of exponentials 
of the N = 1 supersymmetric Chern-Simons functional, in consistency with ref. ||6^, |6^ . 

With respect to A; = -|-1 FRW models obtained from pure N=l supergravity, specific ansatze for 
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fsee ref. 



32 - 34 



as 



the gravitational and gravitino fields were employed in ref. 
well). The quantum constraint equations are very simple and the Hartle-Hawking wave- function was 
found. 

The introduction of matter (usually denoted as supermatter) in N=l supergravity led to new 
and challenging results. A scalar supermultiplet, constituted by complex scalar fields, 0, and 
their spin— | partners, Xa,Xa' was considered in ref. |]l3-|l0l) HH-HH for FRW models. A vector 
supermultiplet, formed by gauge vector fields A^f^ and fermionic partners, was added in ref. [28, 29 . 

A wormhole state was found in ref. but not in ref. |2^. The more general theory of N=l 
supergravity with gauged supermatter (see ref. [0) was employed in ref. ||2^. The reason for the 
discrepancy in ref. 



was addressed in ref. [^, Q and identified with the type of Lagrange 



19 



multipliers and fermionic derivative ordering that we could use. 



For the case of a FRW model without supermatter and due to the restriction of the gravitino field to its spin-^ 
mode component the "old" ansatz for the wave function used in ref. [|l)-|2^ remains valid. 
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As far as a Hartle-Hawking solution is concerned, most of the solutions found in the literature 
bear some of its properties. Unfortunately, the form of the supersymmetry constraints that were 
used could not determine the dependence of \E' on the scalar field (cf. ref. 0)- Some interesting 
improvements towards this direction were made in ref. |D[. By employing = re*^ = + «02 
we were able to effectively decouple the two degrees of freedom associated with the complex scalar 
fields. The supersymmetry constraints became more manageable and a pleasant consequent of this 
approach was to provide a sensible framework where to discuss if conserved currents can be defined 



in supersymmetric quantum cosmology [39 



Within the more general matter content of ref. 
unanticipated. The only allowed physical state was \1' 

in ref. ||3^, where some discussion concerning the results in |2^, ^ can be found. 



the results found in ref. [gS], g9| were quite 
0! This motivated further research present 

For a FRW 



model but solely in the presence of a vector supermultiplet we found non-trivial solvXions in different 
fermionic sectors |3^. Among these we can identify (part of) the no-boundary solution |j70|, ^ and 



another state which could be (up to some extent) interpreted as a quantum wormhole state [|7T], ^ 



Overall, the results above mentioned strongly suggest that the treatments of supermatter do need a 
revision. Moreover, it seems quite clear that this issue has not yet been sucessfuUy addressed. 

A Bianchi type-IX model coupled to a scalar supermultiplet was studied in ref. 0, |31|. This 
model bears important differences as far as FRW models with supermatter are concerned. Namely, 
anisotropic gravitational degrees of freedom are now present. In addition, the gravitino spin-| modes 
can now be included As a consequence, their presence may play an important role, 

revealing some of the features of the full theory of N=l supergravity with supermatter. 

Models with a richer structure can be found from extended supergravities [^, l80|l-[B5ll. These 



are supergravity theories with more gravitino^ and have additional symmetries which couple several 
physical variables. 

The canonical quantization of Bianchi class-A models in = 2 supergravity was addressed in ref. 
[05| , [36[] . It was found that the presence of the Maxwell field in the supersymmetry constraints leads 
to a non-conservation of the fermion number. This then implies a mixing between Lorentz invariant 
fermionic sectors in the wave function. It should be stressed that the intertwining between different 
fermionic sectors in minisuperspaces obtained in A^ = 1 supergravity with supermatter is different 
from the mixing now caused by the Maxwell field. 

Another crucial step towards a better understanding of the canonical quantization of N=l su- 
pergravity is to relate the set of states found in supersymmetric minisuperspaces with any physical 
states obtained in the full theory. It was shown in ref. 



I, ^ that the physical states of full N=l 
pure supergravity can only have infinite fermionic number. Recently, a relation between the minisu- 
perspace sector and the general theory was proposed in ref. [0, [l^. A (formal) quantum state with 
infinite number of fermions was then found in ref. |]SD|. A wormhole state could be identified but the 
same was not possible for a Hartle-Hawking solution. The generalization of the canonical formalism 

to include supermatter fields was subsequently described in ref. P^, EBl pi 



of N=l supergravity 

We hope this rather detailed introduction has motivated the reader to bear with us for what 
follows. We will emphasize some of the technical aspects found in supersymmetric quantum cosmol- 
ogy. In this way, anyone enthusiastic to persue this line of research will get a fair view of which and 
how problems have been dealt with. We we will describe the main achievements and point out to 



= 1 supergravity is the simplest theory |73, ^ with one real massless gravitino. = corresponds to ordinary 
general relativity. N = 2 supergravity |7^, Q realises Einstein's dream of unifying gravity with electromagnetism. 
This theory contains 2 gravitinos besides the gravitational and Maxwell fields. It was in this theory that finite 
probabilities for loop diagrams with gravitons were first obtained. In particular, the photon-photon scattering process 
which is divergent in a Einstein-Maxwell theory, was shown to be finite when N — 2 supergravity was considered (cf. 
ref. and references therein). 
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further issues waiting for adequate explanations. In reviewing a subject of this type where there are 
a large number of related topics, solutions and approaches, a decision has to be taken with respect 
to how much information to include. We hope to have made this review self-contained and useful as 
a reference, while keeping it clear and readable. 

The review henceforth presented is organized as follows. The canonical quantization of the general 
theory of N=l supergravity is described in section 2. In section 2.1 we summarize the basic results for 
pure N=l supergravity (see subsection 2.1.1), and include the generalization for all matter fields (see 
subsection 2.1.2). The issue of finding physical states in the general theory is addressed in section 2.2 
and a solution is described in section 2.3. In section 3 we will then analyse the canonical quantization 
of supersymmetric minisuperspaces. We will employ here a ADM metric representation point of 
view, together with a differential operator representation for the fermionic variables! Subsection 3.1 
includes models obtained from pure N=l supergravity, while a cosmo logical constant term is added 
in subsection 3.2. Bianchi class A models are discussed in subsections 3.1.1 and 3.2.1, while the 
particular case of FRW models is addressed in 3.1.2 and 3.2.2. FRW models are also explored in 
subsection 3.3, where supermatter fields are then brought into study. Their canonical quantization 
is presented in subsection 3.3.1. Models with scalar supermultiplets are used in 3.3.2, while in 3.3.3 
we add a vector supermultiplet. FRW models with only vector supermultiplets are described in 
subsection 3.3.4. A Bianchi-IX model in the presence of scalar supermultiplets is analysed in 3.3.5. 
Bianchi class-A models derived from N=2 supergravity are explored in section 4. Finally, section 
5 includes a discusion on the results obtained so far in supersymmetric quantum cosmology. In 
addition, an outlook on further research projects in canonical quantum supergravity still waiting to 
be satisfactorily addressed is included. 



2 Canonical quantization of N=l supergravity 

This subject is quite long and only a brief summary will be presented here. Some problems and 
related issues will be discussed, together with some recent results. Before we proceed, the following 
should be pointed out. The basic features and issues of supersymmetry, supergravity and related 
concepts will not be addressed here in detail. That would go far beyond the scope and aim of this 
review. The reader interested on such topics is therefore invited to consult, e.g., ref. |[73|]-[[75|. 



2.1 General formalism 



In this subsection we will describe some features of the Hamiltonian formulation of N 
gravity and its canonical quantization 
found in ref. Ill- 11. 



E5i ra, p, 



1 super- 

The original treatments can be 



2.1.1 Pure N=l supergravity 



^It is our thinking that a differential operator representation for the fermionic variables constitute the rightful! 
approach. It is totally consistent with the existence of second-class constraints and subsequent Dirac brackets. These 
then imply that fermionic variables and their Hermitian conjugates are intertwined within a canonical coordinate- 
momentum relation ^, ^-A24. There are, however, other approaches. Ashtekar and loop variables were used in 
|5^-|^. The method employed in is based on a cr— model approach to supersymmetric quantum mechanics. 

Finally, a matrix representation for the gravitinos was used in ref. (^-|^. All these approaches share some similarities 
but also have specific differences in method and results. Moreover, a clear analysis establishing if (up to any extent) 
and how they are related is yet to be achieved. 
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The action of pure N=l supergravity is taken to be 0, 



|7l 



S 



d X 



— (det e)R + -t^^'^P^ii^^'^eAA'.D.i,^^ + H.cO 



(1) 



where denotes Svr times the gravitational constant. Here R represents the Ricci scalar curvature, 
calculated from e"^"^ and V^"^, e^'^ is the spinorial form of the tetrad e^. e^"^ ^ gives the three- 



metric according to hi 



i ^AA'j- It is given by e 



AA' 



.A „ AA' 



, where are the spatial 



tetrad components and cr^"^^' are the Infeld-van der Waerden translation symbols 0, |7^, |7^, ^ . 

denote the gravitino (Rarita-Schwinger) fields and a "overline" represents the Hermitian 
conjugate (H.c). 

These variables transform under supersymmetry - 6(s) Lorentz - 6(^l) - and local coordinate 
transformations - 6(^ic) - as follows: 



^AA' 



A 



^AA' 



BA' 



-,AA' 



-,AA' 



+ N- 



A' 



^AB' 



B' 



(2) 
(3) 

(4) 
(5) 
(6) 
(7) 



together with the H.c. of d), d), (0). 

The derivative operator acts on spinor-valued forms and only notices their spinor indices, but 
not their space-time indices, e.g.. 



(8) 



Notice the connection forms cj"''^ = u;^"*' ^ in their spinorial version uj"^^^ (cf. |P, |73l) with to"^^^ = 
^uj"^^^ + fi'^^f^- Here k*^^^ is the contorsion tensor, related to the torsion 5*"^"^'^^ = and 



s, ,AB 



is the usual torsion-free connection 



From the action (||) the canonical momenta to are 





2 



IT, 



1 

2' 



-/^H^jCAA'k 



(9) 



Expressions (||) constitute (second-class) constraints (see, e.g., ref. for more details on this 

and related topics). In fact, notice that (0) is linear in Dpip^^, Dpip^^. We can then eliminate vr^' 
and 7f^/ as dynamical variables through the second-class constraints (1). Consequently, the basic 
dynamical variables in the theory can then be reduced to e^^ j, p^^/*, V'^^i) and ip^^, where p^^/* is 
the momentum conjugate to C^^'^. The momentum be expressed in terms of the extrinsic 

curvature Kij. This one includes, besides the usual symmetric part dependent on the tetrad variables, 
an anti-symmetric part due to torsion (i.e., gravitino fields) 0]. 

Poisson brackets can be defined in a classical theory containing both bosons and fermions H, . 
After the elimination vr^* and vr^/ we find the following Dirac brackets ([ ]d)- 



-.AA 



Paa'^{^)->Pbb''' 



D 



D 



D 



B^ 



0, 

y'^^BnDAB'kie"'"'^A'mS{x,x')+R.C. , 



(10) 

(11) 
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[X 



D 



D 



D 



, = -e''^^PAlD\,^,6{x,x') 



and Hermitian conjugate relations, where e^^ is the alternating spinor and 



D 



AA' 



jk 



RA' 



n 



(12) 
(13) 

(14) 



Because of the invariance of the Lagrangian density in eq. (|l]) under local Lorentz transformations, 
these variables obey the primary constraints Jab = 0, Ja'B' = , where 

■Jab = e(^/''pB)A'i + i'(AT^B)i ■ (15) 
The Hamiltonian takes a form of the standard type for theories with gauge invariances: 

H = j (fx {Nn± + N'n^ + V^^o'^A + Sa'^^'o - MabJ^"" - Ma'b'J^'""') ■ (16) 

The procedure to find explicit expressions for the constraints is simple. It requires the calculation of 
the conjugate momenta of the dynamical variables and then evaluate the Hamitonian ([TBI). In the 
case of the supersymmetry constraits, e.g., we read out the coefficients of ipo"^ and i/jq"^ from this 
expression in order to get the Sa and Sa' constraints, respectively. In fact, N,N\ i'^^o, i'^^oj ^ab 
and Ma'b' constitute Lagrange multipliers for the generators Ti^, Tii, Sa, Sa', J^^ and ^ , which 
are formed from the basic variables. Here N and iV* are the lapse and shift 0], ip'^Q and ip^Q are 
the zero components of ip"^ ip"^ n P, 



05 @1 • gives the generator of (modified) normal displacements 
applied to the basic Hamiltonian variables, Tii gives the generator of (modified) spatial coordinate 
transformations, Sa and 5*^' are the generators of supersymmetry transformations, and J^^ and 
^ are the generators of local Lorentz transformations. Here 'modified' indicates that a certain 
amount of supersymmetry and local Lorentz transformations has been added to the coordinate 
transformation. Classically, the dynamical variables obey the (first-class) constraints 



0, Hi = 0, Sa = 0, Sa' = 0, J 



AB 



0, J 



A'B' 



. 



(17) 



The symmetries of the theory in Hamiltonian form are most easily understood by rewriting H so 
that the Lagrange multipliers Mab, Ma'b' of J^^, ^ are minus the zero components ujabo, ^A'B'o 
of the connection forms P, ffl. We then get the explicit form of 



S, 



£ ^AA'i 



-iK Paa'V 



+ 



-K^h^/'^nAA'i' 



^^'"^^V^Vb^' - -^^nh^^'nAA'r]nBB^F'ki^^ • 



Here the covariant spatial derivative ^Di acts on spinor-valued spatial forms according to 



;i8) 



(19) 



34 ,AB I 1,^AB 



or anticom- 



AA' 



\X 



The spatial connection forms "^u^^^^ can be expressed as "^u^^^ 

In a quantum representation Dirac brackets must be replaced by commutators 
mutators { , }. The quantum state is described by a wave functional, \Ef, depending on e 
but the fermionic variables ip^^^ip'^^ cannot be treated on the same footing. Eq. (12) shows that 
one cannot have a simultaneous eigenstate of ip'^^ and ip^i- We may choose ip^i, so that we have a 
wave functional ^ e^'^\{x),il)^ ^{x) , and the operator il}^^{x) is given by multiplication on the left 
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by ^p\{x). Then, in order to satisfy the anticommutation relation following from eq. ([T2D, ^p ■ will 
be given by the operator 



-ifiD 



AA' 



[x)- 



(20) 



where as before ip^^ must be brought to the left in any expression before the functional derivative 



is applied. A representation for the operator Paa'^{^) consistent with ([10|), ([TT| ) is 



Paa' \^) 



5e^^\{x) 2 



At quantum level 

Jab 

Ja'b' 



— ih 
2 

— ih 
2 



A' S A' ^ 

'T + ^A i 



B' 
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- + VBi^TT- + WAi 



'Sip' 



5ip 



B 



(21) 

(22) 
(23) 



The form of Sa' given by conjugating eq. (p!8| ) has extra ip, ip dependence involved through 
torsion in the derivative ^Djip^j^. When this is expanded out in terms of the torsion-free derivative 
'^'^Djtp^f, based on the connection "^^oj^^^ we find that all the ipipip terms cancel to give classically 
Sa' = s^^^^AA'i ^^Dji^^k + i^'^^V'^^iPAA'* • Quantum mechanically we get 



Sa' = e'^'^eAAH + 



6 



(24) 



where h is the Planck constant. Correspondingly, the operator Sa = s^^'^^AA'i '^'^ D jip^' ^ — ^in^p j^j^i'^ip^\, 



given by the Hermitian adjoint of eq. (p^), is of second order: 



Sa = ih ^'Di 



1 -+2 2 ^ 



D 



BA' 



(25) 



The supersymmetry and Lorentz transformation properties are all that is required of a physical 
state. Notice that H-aa' follows from the anti-commutator {S'a, Sa'} ~ "Haa' ^ which classically 
differs from this one by terms linear in J"^^ and J^^ El. 



2.1.2 N=l supergravity with supermatter 

The generalization of the canonical formulation of pure N=l supergravity to include matter fields 



was described in ref. EB, 26, 31 



Besides its dependence on the tetrad e ^ and the gravitino field i^^^.w the most general 
N=l supergravity theory coupled to gauged supermatter [|76l also includes a vector field labelled 
by an index (a), its spin-| partners A^\A^?, a family of scalars $'^,$"^* and their spin-^ partners 



X^AiX'a'- Lagrangian is given in eq. (25.12) of ref. [|76|. The indices J, J* are Kahler indices, 



and there is a Kahler metric gu* = Kjj* on the space of (the Kahler manifold), where 

Kij* is a shorthand for d^K/d^^d^"^* with K the Kahler potential. Each index (a) corresponds to 
an independent (holomorphic) Killing vector field X^"-^ of the Kahler geometry. Killing's equation 
implies that there exist real scalar functions 0^""^^^ , $^ ) known as Killing potentials. 

Analytic isometries that preserve the analytic structure of the manifold are associated with Killing 
vectors 

= X^(^)(0^) A , x'(^) = X''^''\<p^*) -f- . (26) 
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The index (6) labels the Killing vectors and runs over the dimension of the isometry (gauge) group 
G. Killing's equation integrability condition is equivalent to the statement that there exist scalar 
functions D^""^ such that 



d 



£,(0) 



9ij 



d 



(27) 



The Killing potentials D*^"-* are defined up to constants c^°'\ They further satisfy 

Xl{a) _^ , ;v-/*(a) ^ r,(b) ^ _ rahc j^{c) 



(28) 



This fixes the constants c^"-* for non-Abelian gauge groups. 

Within the full theory of N=l supergravity, our field variables are transformed as follows (it 
should be stressed that eq. @, (§)-(^ remain valid). Under supersymmetry transformations - 6(^s) 
- we have 



K 

I ( dK ^ 
4 ■ ^ 



^ 2 



OK 
dp'* 



X(^)A' _ X^a)A„ ^A' 



i [e e^AA' 

1 fdK 



GfiAA'^ 



4 \d(l)'^ 



I fdK ^ . 
+ 4 U^^(^)^ 



ic 



dK 



S!-^^<l>'^' Xa 



(29) 
(30) 
(31) 
(32) 

(33) 



and their Hermitian conjugates, e"^^ is the alternating spinor |73|, |7^, |76|, where e"^ and e^' are 
odd (anticommuting) fields, C% ^ = K^aa'S"^^' - e^^,e^^^'), Fj^) = F^^) -i (^[Je.jAA'A^")^' 



dK 



~'^A'[^J,G^]^' J ^ ^JK is ^ Christoffel symbol derived from Kahler metric, P is a complex scalar-field 
dependent analytic potential energy term, Di = + b^, = d^+uj^,+ \ (^^D^cj)-^ 



+ 



For Lorentz transformations - - it follows that 



, 6^l)Xa = Nabx'"", 



(34) 
(35) 



with their Hermitian conjug ates, where N"^^ = A^(^^) and N''^ = N^'^^'l 



Under local coordinate transformations - S, 



(Ic) 



<^{lc)-^A 



Cd^A'-;^ + Al^'>d,c 



A 5 



S(^ic)x\ = CduXA, 



(36) 

(37) 
(38) 
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considering the Hermitians conjugates as well. 

Finally, for gauge transformations - (5(g) - we get 



2 ' 



c 



(a) 



-Xa 



(39) 

(40) 
(41) 
(42) 



and Hermitian conjugates. 

The total Hamiltonian includes now A^^'^Qi^a)-, where (5(a) is the generator of gauge invariance. 
For the gravitino and spin-1 fields, the corresponding canonical momenta give again (second-class) 
constraints [^, 0. These are eliminated when Dirac brackets are introduced. Nontrivial Dirac 
brackets can be made simple as follows [^, . 

The brackets involving p^^^/, iIj^i and ip'^^ can be simplified as in the case of pure N = 1 
by using (plf) . The and dependence of Ku* is responsible for unwanted Dirac 

7r$^ and 7r$* . In fact, defining tt/^ and vf/*^/ to be the momenta conjugate 

1 1 

lA 



Xa 



0, 



1 

VTJM' + ^ Kjj,nAA'X^ 



. 



supergravity 
brackets among Xa^ 

to x^^, and x^*"^ , respectively, one has hia + ^ Ku^uaa'X'^*'^ 

n^^' is the spinor version of the unit normal n^, with n^^/n"^^' = 1 iUaa'^^^' i = • One cures this 

1 i * ^ 1 i , i 

through = hiKjj*6^'' Xka , Xi*a' = hiKji*5'^^''xK*A'- Here -ft'/j* denotes a "square root" of 

1 ,1 

the Kahler metric, obeying Kjj,6^'^* K^^^^, = Kjl- This may be found by diagonalizing Kjj* via a 
unitary transformation, assuming that the eigenvalues are all positive. One needs to assume that 
there is an "identity metric" 6^'^ defined over the Kahler manifold. 



Finally, the brackets among Paa''' 



^,m)>^A=hn 



M' 5 



Xa aiid Xa' dealt with by defining (see ref. 

h^X^^) and then going to the time gauge (cf. ref. |Q). In this 

= 0. Thus the 

original Lorentz rotation freedom becomes replaced by that of spatial rotations. In the time gauge, 
the geometry is described by the triad e"j(a = 1,2,3), and the conjugate momentumlll is All 
the resulting Dirac brackets are either the same as in subsection 2.1.1 or zero, except the nonzero 
fermionic brackets like 



case, the tetrad component n°- of the normal vector n'^ is restricted by n"- = 6q e^ ^ 



A?( 



^(b) 
[x),X A, 



X] 



X^ A(a;),X^A' 



^^,(a;),^^',(a;') 



D 



D 



D 



V2inAA'S^''^^''^S{x,x') 
V2inAA'S^'^*S{x,x') , 
^D^^\^6{x,x'). 



(43) 
(44) 
(45) 



The full Hamiltonian contains arbitrary Lorentz rotations. For our present case, these ought 
surely include the components which depend on the supermater fields. By employing again the 
redefinition Mab ^ ^abo and H.c, the Lorentz contributions will contribute with new terms of the 
type ipxXy "ipXX and their Hermitian conjugates to the supersymmetry constraints |31|. We notice 



that this last step is missing in the procedure employed in ref p5| , p6| . In the end of this section we 
further discuss the implications of its absence and which problems its presence solves. 



^Notice that tt'^ = — ^p^^ = ^^^^'^^Paa' — —^^"^^pa where the last equahty foUows from the time gauge 
conditions (see ref. g g ^ |6[ |l|)- 
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The supersymmetry constraint 5*^' is then found to be 



Sai 



TTJ* + -j=h^gLM-^j*N 



BB' -N* 



X B'X B 



2V2 



^giJ'X ^BB' ^ WmC 



2V2 



j*e itkBViB' 



V2h^gij,'bi¥xB,n'''''eBj + W[2]'i^gij,e'^''eAA'j'4'^^X^'''' eBB'tx'"" 



+ w 



[3] 



BA 



— e 



AC'i^ 



J'JB 



riBA' gij*Xc'X 



h-^ exp{K/2) 2Pn''A'eAB'i^ i + t{DiP)nAA'X 



lA 



n{a) 



^BA 



V2 



gD 



+ 



,n,,^hl,l, «„^C" ^AC'i^ \\(a)Ua)B \\r,BB' \{a) T (a) -J* 

W[i]^ri^ipAi\eBA' ^ ~^ nBA'j^c'^ — -ft^n A b'^J'X a'i 



(46) 



where A^"*, A^? and x/a, should be redefined as indicated above. The other supersymme- 



try constraint Sa is just the Hermitian conjugate of (^B]). The = 1,2,3,4 denote numerical 

coefficients which correspond to the inclusion of the terms 'i/'XXj ^AA and their Hermitian con- 
jugates to the supersymmetry constraints via ujabqJ^^ and Hermitian conjugate. In addition. 



3s 



Vj^p^f, = dj^^f, + ^'iu^sji'^^ + \{KKVj^^ - Kk'Vj^^*)^^^ + \gAf\lmF^<'))ij^j^, where 

^ = diA^ — gA^""^ X^^°-\ with g the gauge coupling constant and X^^"-^ the ath Killing vec- 
tor field. Tr"'^") is the momentum conjugate to A^"-*. 
The gauge generator Q^""^ is given classically by 



ViA 



Q 



(a) 



+ 



+ 



j*n*Xa' Xa 



(b) 



xi 



+ UlmF^'^^XA 



- -^ImF^-h'^''ij,A'e''^'j^Ak 



(47) 



where f"'^'^ are the structure constants of the Kahler isometry group. 

It is worthwhile to notice that we expect now to obtain the correct transformation properties (cf. 
ref. [^) of the physical fields under supersymmetry transformations, using the brackets S^ipf ^ 
i^A'S"^ ,ipf]Bi, etc. Here is a constant spinor parametrizing the supersymmetric transformation. 
In fact, that was not possible for some fields, when using the explicit form of the supersymmetry 



constraints present in ref. [^5|, 26|. The reasons are as follows. On the one hand, the matter terms in 
the Lorentz constraints Jab, Ja'B' were not included in the supersymmetry constraints. On the other 
hand, expressions only valid in pure N=l supergravity were employed to simplify the supersymmetry 
constraints with supermatter. Namely, the expressions for Sa = 0, Sa' = in pure N=l supergravity 
were used to re-write the spatial covariant derivative ^"Dj in terms of its torsion free part ^^Pj and 
remaining terms which include the contorsion. When supermatter is present, we expect the different 
matter fields to play a role in the Lorentz constraints. Some of these terms are then included in the 
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supersymmetry constraints once uj'^b'^'^^ Hermitian conjugate are employed in the canonical 

action. 



2.2 Why there are no bosonic physical states 

In this subsection we will point out how physical quantum states in pure N=l supergravity can 
only have an infinite number of fermions [HHl HOl. Early attempts pretended that bosonic and finite 



fermion number states were possible I^T], but subsequent analysis has shown otherwise ^ 



This analysis has pointed to several incorrections, regarding different approaches trying to revive the 
same inconsistent claims, e.g., p3 |. 

The supersymmetry constraints are the central issue. Since these constraints are homogeneous 
in the gravitino field tpAii^), it is consistent to look for solutions involving homogeneous functionals 
of order ip"'. Such states may be called states with fermion (Grassmann) number n. 

Although the form of the supersymmetry constraints (p4D, ( pS]) suggests that there may be solu- 
tions of definite order n in the fermion fields, there are no such states for any finite n. For n = 0, a 
simple scaling argument assuredly excludes the purely bosonic states discussed in |53|. For n > 



(cf. [^, 49] for more details), the argument is based on a mode expansion of the gravitino field. 
It was then suggested that physical states in supergravity have infinite fermion number. This was 
confirmed for the free spin-3/2 field and a physical (but yet formal) state was indeed found in ref. 
PH ] (see subsection 2.3). 

Let us then consider Lorentz invariant states. An arbitrary state can be expanded in a power 
series as 'if[eAA'i,4'Ak] = J2n'^^"'H'^AA'i,4'Ak]- Note that odd n states need not be considered because 
they are not local Lorentz invariant. We shall refer to "if^""^ as a state of fermion number n. The 
constraint equations must be satisfied independently by each term '^^'^^[eAA'i,'4'Ak]- 

Let us consider the case where '^[eAA'i,'4'Ai\ = "^^^^[eAA'i] is a functional only of the tetrad e*^!, 
that is S^^^y 5ipAi = 0. We shall refer to states of this type as bosonic states. In this case, any 
Lorentz invariant state satisfying '^^'^^ = automatically satisfies all other constraints, since 
5'^\I/(o) vanishes identically. We now show that no such solution can exist. 

The supersymmetry constraint can be written as 



^(0) ^5^(0) ^ _^*jVaa'(^j-^, 



AA'^ 



hK^ 5(ln^W) 

+ -^ViAA' 



5ei 



AA' 



. 



(48) 



A contradiction occurs by using an integrated form of 
function eix): 



d xeix) 



—e 



ijk 



e\A'{Dj^^ 



AA' 



8]) with an arbitrary continuous, spinor test 
5(ln^W) 



+ -rrViAA 



0, 



(49) 



for all e(a;), e"^^ i{x), and ^^i^) 

Let the integral in (|49|) be /, and let /' 



I+AI be the integral when e{x) is replaced by e{x)e 



and ^f{x) is replaced by ijjf-{x)e'^^'^\ where 0(a;) is a scalar function. Since e{x)tjjf{x) is unchanged, 
the second term (with the functional derivative) cancels in the difference between /' and J, so that 



A/ 



d'xe'^'e^^'i 



x)eA{x)iJkA{x)dj(f>{x) 



UJ[X 



A d(f){x) 



(50) 



with the two-form uj{x) = ijjf{x)dx'^ A e j{x)e{x)dx^ . Notice that A/ is independent of the state 

Clearly, it is possible to choose the arbitrary fields e(x), 
is nonvanishing. E.g., consider the case of a three-torus G 



..AA' 



X), e-'^' [X) and ipkA^x 
[0, 27r], and with e". 



eA' = —^A'lfix), f = cosx\ (f) = sinx-*^. Then A/ = / d^xf{x)di(j){x) = J d^xcos'^i 



such that ( [50| ) 
47r3 ^ 0. 



^i, i^Ak 



12 



Clearly, if A/ 7^ 0, we cannot have both 7 = and /' = 0, so (|48|) cannot be satisfied for all e(x), 
e^^ i{x) and ip^{x). 

Hence, bosonicwave functionals are inconsistent with the supersymmetry constraints of pure N=l 
supergravity. 

This result also suggests that there may also be no states involving a finite nonzero number of 
fermion fields. That is, all quantum wave functionals of = 1 supergravity with a finite (zero or 
nonzero) fermion number would be inconsistent with the supersymmetry constraints. From the free 
spin-3/2 field case, it was shown in ref. that all wave functionals necessarily contain an infinite 
number of fermion fields. An extension (under some assumptions) of this reasoning was then made 
for the case of general N=l supergravity theory. 

Overall, the conclusions in ^ subdued the claims in ref. that N=l supergravity is finite 
to all orders. Moreover, recent results in ref. seem to further establish that N=l supergravity 
with boundary terms is fully divergent even at one-loop order. 



2.3 Solutions with infinite fermion number 



In this section we will review and summarize the method employed in ref. which allowed 
for an exact quantum solution of the full theory to be there determined. The interested reader 
should consult ref. |ED| for more details. Such quantum state satisfies all constraints in the metric 
representation for the general theory of N=l supergravity. 

The form of this solution was actually conjectured in ref. [|13| , |14|. Namely, that infinitely many 
physical states may exist having the form \l/ = S^SAG{hpq). This was quite important, in order to 
generalize the physical states present in Bianchi models to full supergravity (see section 3). 

The new elements that were employed in ref. [pO] to obtain physical states are the commutators 



[Haa'{x),Sb 



-iM{x - y)eABDfy {x)Jb'c'{x 



Haa'(x), Sb' 



ih6{x — y) 



^A'B' 



Df^{x)JBc{S)+in5{Q) {e^''''{x)Jc'd 



'(X) — n 



AC, 



x)h'^/\x)S^\x) 



(51) 



The coefficients D, E are Grassmann-odd structure functions. The divergent 5(0)-factori may hide 
an anomaly and its presence reduces the result presented in ref. ||5^ to a formal one. To go beyond 
this level regularization procedures would have to be included. 



The physical state found in ref. ||50[ and conjectured in |T^, [Tj] has the form 

^ = U^s)S^{x)SA{x)G{e,BB'). 



(52) 



It contains a formal product over all space-points, with a bosonic functional G satisfying the Lorentz 
constraints. The Sb constraint and the Jab, Ja'B' constraints are automatically satisfied. The Sb' 
constraint, after using the generator algebra and the properties of G, is satisfied if 



Sa'Sa G (e, 



-RB' 



0. 



(53) 



It is important to note that the operators ef Sa'Sa and n Sa'Sa are Lorentz-invariant. 

A solution of eq. (|53|) for the Bianchi models is described in subsection 3.1.1 and corresponds 
to the restriction of the functional Gq^c^^"^) = exp[— / (Pxe^^'^ei^'^ dje^AA'] to the appropriate 



Fortunately, the last commutator in ( |5l[ ) is not needed in the solution of the constraints, and the (5(0)-term 
therefore does not appear there. The only remaining commutators [Haa' (x), Hbb' iu)] are obtained from eqs.(^l[) via 
Jacobi-identities. 
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spatially homogeneous tetrad. Remarkably, (^3]) does have solutions also in the inhomogeneous case. 
One of which is, surprisingly, again given by the functional Go- However, while Ja'B'Gq = is 
satisfied, we also have that JabGq 7^ 0. A fully Lorentz-invariant amplitude G is obtained from Go 
after i 

G = J Di2[lu] exp (iuj'^^JAB) Go . (54) 

The infinite product in (^) can then be written as a Grassmannian path-integral over a Grass- 
mann field e"^(x). Applying the factors S^{x) explicitely on the functional G and using the identity 
exp {iu^^ Jab) Gq = [exp{iuj^^ Jab)GI exp{~iuj^^ Jab)][Gq]~^ satisfied by Go, an exact physical state 
\E' is found as: 



"^{{hij^i^f}) = I D[e']D[e^] jexp [- j d'xs'^' (e^(x)9,e,AA'(^)^f (^) + ^e,^^'(x)c',efcAA'(^)) 
Dfi[uj] exp 



d'xe'^'nc''{x){djn'^B{x))e,AA'ix) (e^(f)V^,^'(f) + ^ef^'(f) 



(55) 



This is precisely the solution found in ref. [£0| and describes an exact quantum state of the full 
supergravity field theory. 

The amplitude G reduces to ~ exp[— ^m^^/ipg] in the spatially homogeneous case indicating that 
(p5|) should be interpreted as a wormhole state. Being gravity and supergravity non-linear, it is 
curious that this result has similarities to the Gaussian form expected for the ground state of a free 
field (e.g., electromagnetic). 

3 Super symmetric minisuperspaces 

Throughout this section we will study in some detail the canonical quantization of supersymmetric 
minisuperspaces. For edifying purposes we will employ Bianchi type- IX and k = +1 FRW models 



and generalise our results to class A models 0, |T3|, There are two approaches to get 

supersymmetric Bianchi models. On the one hand, we substitute a specific Bianchi ansatz directly in 
the classical action, thereby obtaining a reduced model and then quantizing it. On the other hand, 
we may take the quantum constraints directly from the general theory and use them subject to a 
Bianchi ansatz. We will make use of both techniques (see, e.g., for a related discussion on their 
possible equivalence). 

3.1 Models from pure N=l supergravity 

Models obtained from pure N=l supergravity will be considered in this section. A Bianchi type 
IX model is discussed in subsection 3.1.1. We then proceed to the particular case of closed FRW 
models in subsection 3.1.2. 

3.1.1 Bianchi class A models 

Let us consider a Bianchi type-IX model whose 4- metric is given by g^u = rjabe'^^e^^, where rjab is 
the Minkowski metric and the non-zero components of the tetrad e""^ are given by 

e°o = N, e\ = a^WE\ e\ = a^WE\ e\ = a^N^E^, e\ = a,E\, e\ = a^E^, e\ = a,E\. (56) 



^Dfj.[uj] is chosen as the formal direct product of the Haar measure of the SU (2)-rotation matrices. ^a'~' — [exp iw]^ 
(with 0^2 ^ = i^i^)*, — —(^1^)*) represent precisely the S'J7(2)— rotation matrices. See ref. Q for more details. 
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Here E'^^, E^^ {i = 1, 2, 3) are a basis of left-invariant one-forms on the unit three-sphere 
and A^, N^,ai,a2, are spatially constant. We then write 



|67|. 
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h,, = alE\Ey + alE^E""^ + alE\E^^ . (57) 
In the calculations, we shall repeatedly use the following expression for the connections: 

, , „A RB'j _ i f as a2 pi pij , 

^ABin 5/6 — 7 \ ] ^ + 

1 f ^ + ^ - ^) E^^E^^ + E\E'^. (58) 

4 \a2a3 a2ai asai/ 4 \a^ai 0203 0102/ 

The differential equations obeyed by the wave function are found by studying the quantum 
constraints of the full theory of supergravity [Q, evaluated subject to a simple Bianchi ansatz on 
the spatial variables e^^ j, ip'^^ and ip^^. We require 'ip^Q, ip^Q be functions of time only and ip^^ and 
^p"^^ to be spatially homogeneous in the basis e",; equivalently, ip^^e^^ * and ^p^^e^^ * are functions 
of time only. 

A quantum state may be described by a wave function \l/(e^^ i^i^^i) or equivalently by a wave 
function ^(e"^^ j, -^"^j). The two descriptions are related by a fermionic Fourier transform |Q, 
T0[] . The wave function ^'(e'^^ j, '?/'^) may be expanded in even powers of ip^^, symbolically in the 



form ip'^ , ip'^ , ip'^ and 'p^. In the representation ^(e'^"^\,ip'^'P), these become respectively of the form 
ijj^ , ijj'^ , ip'^ and ip^. This can be better understood by noticing the decomposition 'PX^bbh = "Pabb' 
with 

2 

i^ABB' = -'2n'^ B'lABC + -{PAnBB' + f^BnAB') - 2eABn^ B'Pc , (59) 

where 'Jabc = 1{abc) is totally symmetric. The and 7-^*^-^ spinors constitute the spin | and | 
modes of the gravitino fields, when these are split in irreducible representations of the Lorentz group 
[[7^] (see also ref. @, ^ and eqs. (|85|) , (|86D and (|87|) ). The Lorentz constraints (pTSj) imply that \l/ is 



invariant under Lorentz transformations. A possible ansatz for \1/ would be 



^ = A+BI3aI3''+C^'''"'ibcd+D13aI3^^''''''ibcd+E {i^'^'^'ibcdY +F(3a13^ {l^'^'^'lBCDf , (60) 

where A, B, etc are functions of Oi, 02, 03. The first term in (|60|) corresponds to the bosonic V'*^ part, 
while the second and third terms in \1/ represent the quadratic sectors. Similarly, the fourth and fifth 
correspond to the quartic sector and the last term in (|60|) is just the fermionic filled sector. A term 
iP'^'jABcY = P^1abcP^1d^'~^ can be rewritten, using the anti-commutation of the /3's and 7's, as 
Peg^^'JabcId^''^ ~ (PeP^) {iabc1^^'~^)- Similarly, any quartic in 7abc can be rewritten as a 
multiple of {'^abcI^^^Y ■ Since there are only four independent components of 7a_bc = 1{abc)^ only 
one independent quartic can be made from 'Jabc, and it is sufficient to check that {'Jabc'I'^^'^'Y is 
non-zero. Now 'Jabc'I^^'^ = 270007111 — 671007011- Hence (7asc7'^^'")^ includes a non-zero quartic 
term 7ooo7ioo7iio7iii- 

Consider first the (bosonic) tp^—pait A{ai,a2,a3) of the wave function. It automatically obeys 
the constraint Sa"^ = 0, since this involves differentiation with respect to tp'\ (see eq. (|25|)). The 
only remaining constraint is Sa'"^ = 0. 
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It should be noted that this simple ansatz is not invariant under homogeneous supersymmetry transformations. 
To obtain an ansatz invariant under supersymmetry, one must use a non-diagonal triad e^j = where bab is 

symmetric (a, 6,= 1,2,3 here), combined with supersymmetry, homogeneous spatial coordinate and local Lorentz 
transformations jT^, |l^, |l^ . 



15 



Evaluated at a Bianchi IX geometry the constraint Sa'"^ = reads 



e^^'cAm ''u;%r,^ - ^'^Vl^ = . (61) 

Since the homogeneous fields ip^i are otherwise arbitrary, they may be cancelled in eq. (|6ll). Notice 
that the torsion-free connections have the form 

= X, + lY, , ^'uj^\ = X, - tY, , (62) 

V\ = V 1 7_ai _ ^ ^ ^\ ^3 (g3) 
A \ a2 di aia2 J 

where 

X. = ]h + '-l-^]E\,Y^ = ]('-^ + ^-^]E\. (64) 

One can then contract e^"^''^ into eq. (|6lD , to obtain an equation which then is contracted 
with allowed variations 6hkm of diagonal Bianchi-IX 3-metrics. This gives for the wave function 
A{ai, 02, as), for example, 

d(\nA) r „ S(lnA) dhkmix) n /■ ,s , 1 

aai J ohkm[x) oai J 

where / cPxh^ = 167?^ is the volume of the compact 3-space with (1\ — 0/2 — (^3 — 

1. Similar 

expressions for 9(ln A) / da2 and d{\n. A) / da^ lead to 



A ~ exp(-/) , / = TT (^af + 03 + Ogj . (66) 

Using equation Sa^ = 0, one gets E ~ exp(/). Hence the bosonic and fermionic filled states of 
the theory both have very simple semi- classical forms. 

With respect to the quadratic and quartic fermionic components of \Ef, ansatz (pll|), constitutes a 
rather restrictive choice. An unimaginable consequence of the supersymmetry constraints was then 
that no states are possible in the intermediate sectors of ip'^ and ip'^ order (cf. ref. 0, |TU| for more 
details). 

The simple semi-classical form A ~ represents a (Hawking-Page) wormhole |]7T| quantum 
state. It is certainly regular at small 3-geometries, and dies away rapidly at large 3-geometries. 
Moreover, / is the Euclidean action of an asymptotically Euclidean 4-dimensional classical solution, 
outside a 3-geometry with metric (0), as confirmed by studying the Hamilton- Jacobi equations. 
These give the classical fiow corresponding to the action I. However, E is not the no-boundary 
(Hartle-Hawking) |]70[ state. That conclusion can be reached by checking if —I is the action of a 
regular Riemannian solution of the classical field equations, with metric { ^7\) prescribed on the outer 
boundary. It is quite satisfactory that the solution exp(— J) gives a wormhole state for Bianchi-IX 
but it seems very strange that the Hartle-Hawking state is not allowed by the quantum constraints. 

It should be stressed that the above conclusions are easily extended to Bianchi class A mo dels0 



^^Only the class- A models allow the spatial sections to be compactified by factoring (if necessary) by a discrete 
subgroup of isometrics []67| , |6^ . Spatial compactness is needed in the argument used here in finding the partial 
derivatives of the wave function with respect to ai,a2 and 03. However, in the types II,VI-i,VIIq and VIII, the 
compactification might be expected to eliminate globally defined spatial Killing vector fields, and so make it impossible 
to have spatially homogeneous triad or gravitino fields. 
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1^]. More precisely, the physical states are, respectively, given by@ 

Here h is det(/ipq) and m^'' is defined from the relation dw'^ = ^mP'^h'^egrsUJ^' ^uj'^ , where are basis 
of left-invariant 1-forms on the space-like hypersurface of homogeneity. The constant symmetric 
matrix m^^ is fixed by the chosen Bianchi type [^. In addition, the parameter s specifies the 



general ambiguity of the operator ordering arising from the non-commutativity of ipf, ipf and p^^'. 
We define C = where a denotes the volume of spatial sections and is again Svr^ times the 
gravitational constant. These results (together with the problems described in 3.2.1 concerning the 
presence of a cosmological constant) were quite disconcerting. In fact, the subject of supersymmetric 
quantum cosmology was put up to a harsh test and its future seemed in doubt. However, subsequent 
research present in ||l^, provided the required breakthrough. 

The commutators [Sb', Haa'] and [Sb, Haa'], which are proportional to Lorentz generators, are 
the essential new ingredients, on which all of the following is based 

In order to show that physical states exist in the 2-fermion sector, let us consider instead the 
wave- function 

v[/2 = SA'S^'Y{h,g), (69) 

where we require, of course, that Sa'S^'Y ^ 0. This new ansatz for the quadratic fermionic sector 
(see for ip'^ below) brings new Lorentz invariants to ^ . This is due to the presence of additional 
gravitational degrees of freedom that were otherwise absent. A simple example of such an additional 
invariant is wP'^ipp^ipqA- Writing out the new expressions present in ip'^^i/j^ in an explicit way it can 
be seen that indeed they contain such additional invariants. Here F is a function of the hpq only, and 
therefore, like Sa'S^ , a Lorentz scalar. Therefore \l/2 automatically satisfies the Lorentz constraints 
and the S constraints 

The only remaining condition is Sa'^2 = 0, which reduces to 

[Haa'S'']Y + 2S^Haa'Y = 0. (70) 

The first term is proportional to Jab and therefore vanishes. The second term vanishes if Y satisfies 
the Wheeler-DeWitt equation |]T3|, |13 



HAA'^'^^Yih.q) = 0, (71) 

where Haa'^'^'' consists only of the bosonic terms of Haa'- Any solution of this Wheeler-DeWitt 
equation, which may be specified further by imposing, e.g., no-boundary, tunneling or wormhole 
boundary conditions, generates a solution in the 2-fermion sector. 

With respect to the 4-fermion sector, the wave-function S^SAZ{hpq) automatically satisfies the 
Lorentz constraints and the S constraint. It remains to satisfy the Sa' constraint, which reduces to 



^^The solution for tp^ is different from the corresponding expression in ref. [|l2j. The extra h factor present in 
cannot be there though. The exphcit form can be obtained through a fermionic Fourier transformation |l^ 

AA' 1A\_ T^-l(^AA\ f,T,f„AA' „,,A n„-^-C_7V^„V'1,'tt_ ^J.E 



where C^^? = —o'£''"^^eAA'r , -D(e^^/p) = det {—jCj^^fy This allows to obtain the wave function in the representation 
^{e^p , ■ip^^ ) and leads to a factor of (via D~^{e^'^ )). In particular, it intertwines different representations, where 
equations are substantially easier to derive. But the inverse transformation does not involve a factor of h\ see ref. [0] 
for the reasons of this asymmetry. This remark should also be employed when confronting the powers of h in ( |68f ) 
coincides with the ones in ref. and |l^, . 
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^ Haa', S"^'^ + 2S^Haa'^ ^{hpq) Ill=i{'ip^)'^ = . The first term in the bracket is expanded in terms 
containing the Lorentz generators or 5"^- The terms containing the Lorentz generators vanish as they 



act on Lorentz scalars. In the end, it is enough [|T^, [T^ if Z satisfies the Wheeler-DeWitt equation 



H 



AA- 



(1) 



A A' 



157^2/^1/2 



n 



g{h 



pqj 



0, 



(72) 



where Haa'^^'' consists of those terms of Haa' which remain if the terms in pf^' are brought to the 
left and then equated to zero. 

A generalization of these solutions for the case of full supergravity was provided in ref. 



50 



and briefly described in subsection 2.3. The algebra of the constraints has a similar form. Hence, 
the physical states found in the ip'^jip^ sectors are direct minisuperspace analogues of states in full 
supergravity. While the states in the empty and filled sectors would span at most a 2-dimensional 
Hilbert space, these physical states identified in the middle fermionic sectors would span an infinite- 
dimensional Hilbert space, just as in the Bianchi models of pure gravity. 



3.1.2 Closed FRW models 

When considering FRW geometries in pure N=l supergravity, the tetrad and gravitino fields ought 
to be chosen accordingly. This can only be possible for a suitable combination of supersymmetry, 
Lorentz and local coordinate transformation. 

Closed FRW universes have spatial sections. The tetrad of the four-dimensional theory can 
be taken to be: 



Nir) 








Nir) 








a(T] 



1 j^ai 



(73) 



where a and i run from 1 to 3. i?ai is a basis of left-invariant 1-forms on the unit S'^ with volume 

This ansatz reduces the number of degrees of freedom provided by caa'ii- If supersymmetry 
invariance is to be retained, then we need an ansatz for ip^^ and ip^f^ which reduces the number of 
fermionic degrees of freedom. We take ^p'^Q and ^/j'^'q to be functions of time only. We further take 

V'^. = e^^\^^JA' , = e^^>^ , (74) 



where we introduce the new spinors ipA and ipA' which are functions of time only. This means we 
truncate the general decomposition = ^BBi"'P^i (HI) spin— ^ mode level. I.e., with 

(5^ = \n-^^' il>Ai ~ V"^- This constitutes a direct consequence of assuming a FRW geometry and it 
is a necessary condition for supersymmetry invariance to be retained. It is also important to stress 
that auxialiary fields are also required to balance the number of fermionic and bosonic degrees of 
freedom. However, these auxialiary fields can be neglected in the end (cf. ref. [IC, l7]). The above 
ansatze preserves the form of the tetrad under a suitable combination of supersymmetry, Lorentz and 
local coordinate transformations (@)-(0). I.e., we get ^| 



5e. 



AA' 



+ 



B) 



IFA'B' 



IK 

~2 



C \ AA' 



(75) 



where A^"^^, e"^ and Hermitian conjugates parametrize local coordinate, Lorentz and super- 
symmetry transformations, respectively. Notice that the ansatz for the tetrad is preserved, i.e.. 



5e. 



AA' 



^AA' 



-,AA' 



provided that the relations 



AB 



, N 



A'B' 



A-^A'B' 



, 



(76) 
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between the generators of Lorentz, coordinate and supersymmetry transformations are satisfied. 

The ansatz for the fields ip^^^ and ^/^^j should also be preserved under the same combination of 
transformations, together with ([75|), ([76|). Hence O, EOl p4| 



5^- 



3iK 



+ 



4 

2 / d i 
K \aN a 



IK 

2N 



(77) 



and its Hermitian conjugate. The Ansatz for ip'^^ is then preserved, i.e., dipf = P2 

if we impose the additional constraint ip^ip^' cbe'i = and take = 0. The former constitutes 
basically a reduced form of the Lorentz constraint in the full theory and is present in the two 
equivalent forms [ITB, [T7 



J. 



AB 



tp{A^^'nB)B' 



Ja' 



A'B' 



Ip(A'i^^nBB') = 



(78) 



It should be stressed that the invariance of ipf,ipf strongly depends on the last term of (ffTl) . 
The only option was to put the other terms as equal to zero. Notice that solely ^DieA is able to 
produce 5ipf = P2 e^^ ,ipf- ef^ ipA' (see ref. Q for further details). By requiring that the 
constraint (|T^) be preserved under the same combination of transformations as used above, one finds 
equations which are satisfied provided the supersymmetry constraints Sa = 0, Sa' = hold. By 
further requiring that the supersymmetry constraints be preserved, one finds additionally that the 
Hamiltonian constraint Ti. = should hold. 

By imposing the above mentioned symmetry conditions, we obtain a one-dimensional (mechan- 
ical) model depending only on t. Classically, the constraints vanish, and this set of constraints 
forms an algebra. The constraints are functions of the basic dynamical variables. For the gravitino 
fields, their canonical momenta produce (second-class) constraints. These are eliminated when Dirac 
brackets are introduced Q instead of the original Poisson brackets. 

It is useful to make slight redefinitions of the dynamical fields. We let a ^— ^a, tp"^ t— > 
7I/2 



and ip 1-^ V i (Ka)3/2 ^ • include the constraint Jab = by adding M Jab to the Lagrangian, 
where M^^ is a Lagrange multiplier. In order to achieve the simplest form of the generators and 

0, 



their Dirac brackets, we make the following redefinitions of the non-dynamical variables N, ip'^Q, 



and M^^: 



N 



AS 



aN 



1 1/2 



iaN 
+ — — -n 



12/€a2 



(79) 
(80) 



and Hermitian conjugates. Our constraints then take the rather simple form |T§, [T^, ^ 

Sa 



IpATla - Qiaipa, H 



a ^{^1 + 36a^), Sa' = ipA'T^a + QiaipA', Jab = ■ipiA'ip^ riB) 



B> 



The presence of the free parameters p^, pA' shows that this model has = 4 local supersymmetry 
in 1 dimension. 

In solving the supersymmetry constraints Sa^Sa' in (|8lD , note that J^^"^ = implies that \E' 
can be written as ^ = A + BipA'ip^, where A and B depend only on a. The solutions are 



^ = Cexp[-3aV^] + exp[3aV^]V^AV^' 



(82) 
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where C and D are independent of a and ip^. The exponential factors have a semi- classical inter- 
pretation as exp(— J//i), where I is the Euchdean action for a classical solution outside or inside a 
three-sphere of radius -a with a prescribed boundary value of ifj^. I.e., we get a Hartle-Hawking 
solution for C = 0. 



3.2 Models with a cosmological constant 



It is of interest to study more general locally supersymmetric actions, initially in Bianchi models. 
Possibly the simplest of such generalization is the addition of a cosmological constant, A, in iV = 1 
supergravity (see ref. ETI, |22|, E3|, p3[ and references therein). 



3.2.1 Bianchi class A models 

For the ansatz (^) we shall see that we cannot find any non-trivial physical quantum states for 
Bianchi class A models |2^, |59[| . 

The action for N=l supergravity (|1]) includes now the additional terms 



S 



d^xidet e) 



H.c. 



(83) 



Here g represents the cosmological constant through the relation A = ^g"^. 



The corresponding quantum constraints read 
SA,m = -ihghh^^,'nAB'D^^',, ( h^- 



with the corresponding Hermitian conjugate. We have made the replacement 6'^ /6ijj j — > h^d'^/dip 

The factor is necessary as to ensure that each term has the correct weight in the equations. Namely 
when we take a variation of a Bianchi geometry whose spatial sections are compact, multiplying by 
S/6hij and integrating over the three-geometry . The cause can be identified in the term h~2 in ex- 
pression (0). It can be checked that the inclusion of gives the correct supersymmetry constraints 
in the k = +1 Friedmann model (see next subsection). 

We will use the gravitino field written in terms of the /? spin— ^ and 7 spin-| modes (see eq. 



9D), and the following expressions 



d(3A 



1 



— n 



B' j 
I ^BB' ' 



.,A di^ADCl^'''') 



dip 



B 



~^1bdc n 6 C ' 



(97 



ADC 



dip 



B 



We can also write out /3 and ^bdc in terms of e ^ and ^ as 

Pa = —n^'e^A'^^f , Iabc = ^ e^S'^Ai + n^' CcS^si + ris eAc'^Ci) ■ 



(85) 
(86) 

(87) 



First consider the Sa''^ = constraint at the level ip^ in powers of fermions. Since it holds for 
all we can take the gravitino terms out. From multiplying this equation by e^^ ™, we obtain by 
taking a variation among the Bianchi-IX metrics, that 



dA 
dai 



IGn'^aiA + QT['^hga2a^B = 
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and two others given by cyclic permutation of Oi, 02, 03. 

Next we consider the Sa"^ = constraint at order ip^. Using expressions 



again by ip j- Multiplying by n j^,e then multiplying by different choices 5hi 
and integrating over the manifold, we find the constraints 



we divide 
dhim/dai etc. 



1 .2 2 -1 / dB' 
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3^ - A-^ 
dai 



a.; 



da. 



16tt'^ ga2a3A 



TT ha2a3 I 
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+ 



B + hl67r^)ha2a3 - 
aia2/ 3 \a2a3 a^ai aia2 







(89) 



and two more equations given by cyclic permutation of ai, a2, 03. 

Now consider the Sa'"^ = constraint at order ip^. It will turn out that we need go no further 
than this. From this constraint we can set separately to zero the coefficient of P^{-fDEF7^^^), the 
symmetrized coefficient of •jDEFiPcP'^) and the symmetrized coefficient of 'Jfgh ilCDEl^^^). From 



here we derive three equations and from following similar steps as above (cf. ref. p2|, ^]) we get 

, . (90) 

dB^ 



3 Q, J 2 9/9 9 9\ ^ w 2 Q ^ 
-1671 ngaia2a3D -\ — glGir (0^ + 02 + 03)6 H — nn ^j— — 

4 3 3 \ cjQjj 



and 



and two more equations given by permuting 01,02,03 cyclically. The equation (^) also holds with 
B replaced by C. 

Consider first the equation (0). It can be checked that these are equivalent to 



i« 2 / 03 02 

- IbTT O2O3 \ 

\O1O2 



Oi 



B = 



(91) 



, 2f dB dB 

TlK O17- O2 



dai 



'Sos 



^ = IGtt^ (o^ - afj B 



(92) 



and cyclic permutations. We can then integrate eq. ( p2|) and ciclically, along a characteristic 01O2 
const., 03 = const., say, using the parametric description oi = Wie"^, 02 



W2e 



end 



i? = /(01O2O3) exp 



(al + 



O9 + o? 



to obtain in the 



(93) 



and similarly for C. Substituting these back in (p9D, we get a set of equations whose only solution is 
C = 0. The equation (^) and its cyclic permutations, with C = 0, must be solved consistently with 
eq. ( pSD and its cyclic permutations. Eliminating A, one finds i? = and subsequently A = Q. Then 
we can argue using the duality mentioned in subsection 3.1.1 that D = E = F = 0. Hence there are 
no physical quantum states obeying the constraint equations in the diagonal Bianchi-IX model if 
has the form given by anasatz (|60D. The same conclusion can be generalized for the case of Bianchi 
class A models p3|, 1591. 



These vexatious results motivated the research described in ref. [|r 
dealt with in ref. 



14[ and were only properly 



m 



In fact, the doubts thereby raised are entire legitemate: even though canonical 
quantum supergravity has more constraints than ordinary quantum gravity, it has surely much more 
degrees of freedom than gravity. According to non trivial solutions can be found by employing 
Ashtekar variables [|69|1 . In particular, we take the complexified spin-connection ApAs and the tensor 



density a^^^ = — ("\/2) e^''^eq'^"^' a' as a canonically conjugate pair of coordinates. 
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The transformation from the ^-representation to the e^^'- representation requires the gener- 
ahzed Fourier-transform 



n n dA 

P (A<B) 



AB 



(94) 



along a suitable 9-dimensional contour chosen in order to achieve convergence, and permitting partial 
integration without boundary terms. Apart from this condition the contour may still be chosen arbi- 
trarily. There are different possible choices corresponding to different linearly independent solutions. 
In addition, a similarity tranformation has to be performed which takes the form 



.-STT^mP'Jep^^'e^^^,^/ AA' y 



A special class of solutions (undoubtedly, more general solutions exist) is 



^ ~ exp [i [f{A/^, ^/) + G{At 



AB^ 



with 



and where G is independent of the ip^ 



G^j (l6n^mP'^A,^''A,AB + \e^'''' A/"" A.b'^ Ac^ 



(95) 

(96) 
(97) 

(98) 



The function G can be expressed by the Chern-Simons functional integrated over the spatially ho- 
mogeneous 3-manifolds, consistently with [^, |6^, |94 . 



The Ap integrals required for the transformation from the Ashketar-representation to the metric 
representation need further specification. Not all of these integrals need to be done, because only 
three of the nine degrees of freedom of Ap^^ are physicalli2l. However, even the remaining three 
integrals cannot all be performed analytically. In the limit of vanishing cosmological constant A — > 
a stationary-phase approximation becomes possible. We then expand ^ as 



[zF(^/^,V^/) 



n=l 



(99) 



One stationary phase point is at A. 



AB 



0. The first solution is therefore defined by chosing a 



suitable contour passing through this point. In the limit of A — >^ the dominant fermion term has 6 
-factors. Then we obtain from the stationary phase at A^ 



AB 







v|/(e/^ ) ~ const | 1] 11 

yp=l A=0,l 



(100) 



The exponent corresponds to that of a wormhole state in the 6-fermion sector [|13| , p!4| . A divergent 
factor A~^/^ has been absorbed in the prefactor. 



Other stationary phase points are at Ap^^ ^ and further solutions are obtained by chosing 
integration contours through any of them. For the case of a Bianchi IX (cf. ref. 03 for more details): 



^(61,62,^3) ~ E-r^" / dAidA2dA^{AiA2Aif e^Y> 



T.AABa^'^' + ^GiAABg) 



(101) 



^•^Six correspond to gauge freedoms (three from basis changes of the 1-forms uj^, three from Lorentz frame rotations) 
which can be fixed by a choice of gauge and are not integrated over in that gauge. 
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Points of stationary phase now satisfy the equations 2A1A2 = IGn^As and cychc. From ( |101| ) we 
then get in the 4-fermion sector the folowing amphtudes 

e -87r^[ibl+bl+bl)+2ibib2+b2b3+b3bi)] e -8TT^[{bl,+bl+bl)+2{bib2-b2b3-b3bi)] 

A 'A ' 



where the exponent in the former corresponds to the Hartle-Hawking state [0, |T^, [7^ and the other 
has not been discussed before. 

3.2.2 Closed FRW models 

In a supersymmetric FRW model with cosmological constant terms, the coupling between the 
different fermionic levels 'mixes up' the pattern present in 3.1.2. From S'^/\E' = and Sa"^ = we 



obtain 22, 23 



hK^^ + ASTT^aA + ISn^hga^B = , H^k^^ - ASn^haB - 25Qn^ga^A = . (103) 
da da 

These give second-order equations for A{a) which have two independent solutions, of the form 

A = co + C2a^ + Cia'^ + ... , A = a^{do + dga^ + d^a"^ + . . .) , (104) 
convergent for all a. They obey complicated recurrence relations, where Cg is related to C4, C2 and 

Co. 

We can look for asymptotic solutions of the type A ~ (Bq + hBi + h^B2 + . . .) exp{—I/h), and 
finds / = ±4(1 - 2^2^2)1 ^ 2^2^2 ^ ^_ r^j^g 

minus sign in / corresponds to taking the action 
of the classical Riemannian solution filling in smoothly inside the three-sphere, namely a portion of 
the four-sphere S'^ of constant positive curvature. This gives the Hartle-Hawking state ||70|]. For 
> (1/2(7^), the Riemannian solution joins onto the Lorentzian solution 



7r2(2^V-l)^ TT 

? 4 



(105) 



~ cos I ^ 
which describes de Sitter space-time. 

3.3 Models with supermatter 

In addressing the presence of (super) matter fields in minisuperspace models we ought to choose 
the type of action we will employ. Following ref. |7B|, we will consider N=l supergravity coupled 



to the more general gauged supermatter. The corresponding general theory, related properties and 
features (some of which are relevant in minisuperspaces) were described in subsection 2.1.2. We may 
take the group G = SU{2) as the gauge group in a /c = +1 FRW model. In this case we have the 
Killing potentials 

2^1 + 00/ 2^^1 + 00^' 2^1 + 007 ^ ' 

and the Kahler potential is K = ln(l + 00). The corresponding Kahler metric is (7^^ = ^-^^^^^ 1 9'^'^ = 

(1 + 4>4>y. The Levi-Civita connections of the Kahler manifold are just F^^ = g^'^-^ = — 2^^^^ 
and its complex conjugate. The rest of the components are zero. 
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The simplest choice for the matter fields in a FRW geometry is to take the scalar super-multiplet, 
consisting of a complex scalar field 0, and spin-| field xa, Xa' as spatially homogeneous, depending 



(a) , (a) 



A' 5 



1, 2, 3, would be to take each 



only on time. Similarly, a simple choice for the spin-^ 
component as an arbitrary-time dependent function. 

In ordinary quantum cosmology with gauge fields, it is not sufficient for A^^"* to have simple 
homogenous components. Special ansatze are required for A^^\ depending on the gauge group 

(cf. 



considered, which then may also affect the choices for (cf. ref. [|8^, ||9§|-|9^). A suitable 
ansatz for A'^^^ requires it to be invariant up to gauge transformations. Assuminig a gauge group 
G = 5*0(3) ~ SU{2), the spin-1 field is taken to be 



'fit) 



'-{a)i{b) 



j-{a)(b) 



(107) 



where {oJ^} represents the moving coframe {oJ^} = {dt,uj^}, tu* = E'^^dx'^, {i,c = 1,2,3) , of one- 
forms, invariant under the left action of SU{2). T(^a){h) are the generators of the SU{2) gauge group. 
The idea of this ansatz for a non-Abelian spin-1 field is to define a homorphism of the isotropy 
group 5*0(3) to the gauge group. This homomorphism defines the gauge transformation which 
compensates the action of a given 5*0(3) rotation. Hence, the above form for the gauge field, where 
the Aq component is taken to be identically zero. None of the gauge symmetries will survive: all 
the available gauge transformations are reouired to cancel out the action of a given 5*0(3) rotation. 
Thus, we will not have a gauge constraintti Q^") = 0. 



3.3.1 Canonical quantization of a FRW model 



We will then use the ansatze (|75D, (fT^) described in subsection 3.1.2, together with expression 
( |TU7D and taking A^"^ = (t). The action of the full theory (Eq. (25.12) in ref. [|7§) is reduced to 
one with a finite number of degrees of freedom. Starting from the action so obtained, we study the 



Hamiltonian formulation of this model [28, 29 



The contributions from the complex scalar fields 0, to the Sa' constraint are seen to be 
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The contributions to the Sa' constraint from the spin-1 field are 
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1 



(108) 



- l — TTfO- 
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(109) 



""^^However, in the case of larger gauge group some of the gauge symmetries will survive. These will give rise, in the 
one-dimensional model, to local internal symmetries with a reduced gauge group. Therefore, a gauge constraint can 
be expected to play an important role in that case. The study of such a model would be particularly interesting. 
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The contributions from the spin-2 field and spin-3/2 field to Sa' constraint are 



-MTlai'A' l=<y CL^'ipA' + a n j^,1p i'si'B' ■ (HO) 



2^/2 '^"^ V2 

The following terms are also present in the Sa' supersymmetry constraint: 

- -^a^a'^gD^HAA'^^"^^ + -2 -nsA'i'B' + -Ubb^a' ] X^X^' 

v2 (1 + 00) ^ 2 



^^-—a'^o? {riAB'X^XA'^''' + nAA'X^Xs'^''') • (HI; 



4 

4(1 + 

The supersymmetry constraint Sa' is then the sum of the above expressions. The supersymmetry 
constraint Sa is just the complex conjugate of Sa'- Notice that the above expressions correspond 
to a gauge group SU{2) and hence a compact Kahler manifold, which implies that the analytical 
potential P(<l>^) is zero |9[. 

Let us obtain expressions for the quantum supersymmetry constraints. First we need to redefine 
the fermionic fields, xa, V'a and A^^ in order to simplify the Dirac brackets, following the steps 
described in |, [l^, |5|, |3], . We take 

3 3 

eras ^ aa2 _ 

= ;t^7; — Ttt^^ ' = -T— — -jzxa' ■ 112 

24(1 + 00) 24(1 + 00) 

The conjugate momenta become 

^XA = -inAA'X^ , TT^^, = -^AA'X^ • (113) 
This pair forms a set of (second class) constraints. The Dirac bracket is 



Xa.Xa'^j^ 

Similarly for the ipA field. 



-iUAA' ■ (114) 



3 - 



V^A = ^o-a'^A , ipA' = ^(Ta^ipA' , (115) 
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where the conjugate momenta are 
The Dirac bracket becomes 



VTj;^ = iUAA'^ , VTi = iUAA'-^ ■ (116) 



Also for the A^f^ field: 
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Furthermore, 

[a, ■na]D = 1 , [0, 7r<^]D = 1 , [0, tt^Jd = 1 , [/, tt/] = 1 , ( 

and the rest of the brackets are zero. 

It is simpler to describe the theory using only unprimed spinors, and, to this end, we define 



(119) 
(120) 
(121) 



with which the new Dirac brackets are 



[XA,Xb]d = -i^AB , [^A,V'b]d = i^AB 



\(a) ,(a) 
A A,^ A' 



-tS^'eAB 



D 



(123) 



The rest of the brackets remain unchanged. Quantum mechanically, one replaces the Dirac brackets 
by anti-commutators if both arguments are odd (O) or commutators ifb otherwise (E): 

[El, E2] = t[Eu E2]d , [O, E] = t[0, E]d , {Oi, O2} = t[Oi, OJd • (124) 
Here, we take units with ^ = 1. The only non-zero (anti-)commutator relations are: 

{A^t A^?} = S'^'eAB , {xa,Xb} = ^ab , {i^A,M = -^ab , (125) 

[a, Tia] = [0, rr^] = [0, tt^] = [/, TTf]=i . (126) 

We choose {xA,4'A,ci,(p,(l>,f) to be the coordinates of the configuration space, and {xA,'4'A,'^a, 
ir^, iT^, 7Cf) to be the momentum operators in this representation. Hence 
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Some criteria have been presented to determine a suitable factor ordering for the quantum con- 
straints obtained from ( p.08| )- (|lll|) . The nature of this problem is related to the presence of fermionic 
cubic terms. Basically, Sa, Sa, and the Hamiltonian constraint Tt could be chosen by requiring that 
|T9|, 13^,131: 



1. Sa"^ = describes the transformation properties of \1/ under right-handed supersymmetry 
transformations (in the {xA,4'A,(i,(p,4>,f) representation); 

2. Sa"^ = describes the transformation properties of \1' under left-handed supersymmetry 
transformations (in the {xA,4'A,(i,(p,4>,f) representation); 

3. Sa, Sa are Hermitian adjoints with respect to an adequate inner product [5]; 

4. A Hermitian Hamiltonian Ti is defined by consistency of the quantum algebra. 

However, not all of these criteria can be satisfied simultaneously (cf. [0, 0). An arbitrary 
choice is to satisfy l,2,4ll3, |l8],|26l-|2|,|3|-l3|]. Another possibility (as in ref. ^ 1^, |3|, gSf) is 



to go beyond this factor ordering and insist that Sa, Sa could still be related by a Hermitian adjoint 
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operation (requirement 3). If we adopt this, then there are some quantum corrections to Sa,Sa- 
Namely, adding terms linear in ipA, Xa to Sa and linear in i/ja, Xa to Sa which nevertheless modify 
the transformation rules for the wave function under supersymmetry requirements 1, 2. 

Following the ordering used in ref. [Q , we put all the fermionic derivatives in Sa on the right. In Sa 
all the fermonic derivatives are on the left. Implementing all these redefinitions, the supersymmetry 
constraints have the differential operator form 



7/ — d X ^ / 3 S?- — d 
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+ aV^n^^'Al (-^|: + ^(1 - (/ - Ify'j (128) 

and Sa is just the Hermitian conjugate of ( |128| ) using ( |122D . 

When matter fields are taken into account the generalisation of the Jab constraint is 

Jab = M'"nB)B' - X(ax'''^b)b' - AjjA^'^^^'n^js' = . (129) 

One can justify this by observing either that it arises from the corresponding constraints of the 
full theory, or that its quantum version describes the invariance of the wavefunction under Lorentz 
transformations. Alternatively, we could consider eq. (^9]) . The second and third terms in (pgf) , 
allow to reproduce basically the last two terms in eq. ( |129| ) (cf. ref. for more details). 

The Lorentz constraint Jab implies that a physical wave function should be a Lorentz scalar. We 
can easily see that the most general form of the wave function is 

= A + iB^p^iJc + Cij'^Xc + iDx^Xc + EtP^iJcX^Xc 

+ CaX^^^xc + 4A('^)^xc + c..A(»)^A(g + e,A(")^xcV'^V^D 

+ /aA^'^^^^cX^XD + rf..A('^)^xcA(")^XD + e,,A('^)^A(g^^^,, 

+ /a.A('^)^A(gx^XD + ^7a.A('^)^A(gx^V^D + c,,,A('^)^A(gA ^^V^,, 

+ 4.cA('^)^A(gA(^)^Xi. + c„,e.A('^)^A(gAW^A(g + K.X^'^^^ X^^i^ r>x 

+ e,,eA('^)^A(gA('=)^XDV^^V^E + /a..A('^)^A(gAW^V^^x^XE 

+ 4.c.A(")^A(gA(^)^A(^Sz^^^^ + z.3A(^)^A(^^A(^)^A(^^A(^)^Xi. 

+ e.,.,A('^)^A(gAW^A(2x^Xi. + /a.c.A('^)^A(gA(^)^A(1)^^Xi. 

+ ^?..c.A(")^A(gA(^)^V^^A('^)^Xi. + /iiA(^)^A(gA(^)^A(2A(^)^V^^ 

+ /i2A(i)^A(^^A(=^)^A(^^A(2)^^^ + /i3A(i)^A(^jA(2)^A('^A(3)^^^ 

+ z/iA(^)^A(8a(3)^a(^^A(^)^Xe + z/2A(^)^A(^^A(^)^A(^^A(2)^Xi. 
+ FA(i)^A(gA(^)^A(^^A(^)^A(^i + /..,..A(")^A(gA(^)^A(^5^^^^X^XF 



""xe 



27 



+ 5iA(2)^A(gA(=')^A(^^A(i)^^^X^XF + <52A(^)^A(J^A(3)^A(^^A(2)^V^^X^Xf 

+ 53A«^a(J]a(^)^a(^^A(^)^^^X^Xf + 7iA(^)^A(gA(^)^A(^^A«^Xi.V^^^F 

+ 72A(^)^A(^jA(3)^A(§A(2)^Xi.V'^V^F + 73A(^)^A(^^A(2)^A(^iA(=^)^Xi.V^^^F 

+ GA(i)^A(gA(2)^A('iA(=^)^A('i^^V^^ + ifA(i)^A(^jA(2)^A('iA(=^)^A('ix''xF 

+ /A(i)^A(^jA(2)^A(gA(3)^A(=|x''^F + ^A(i)^A('^A(2)^A(gA(3)^A(^^ , (130) 

where A, B, C, D, E, etc, are functions of a, ,0, / only. This ansatz contains all allowed 
combinations of the fermionic fields and is the most general Lorentz invariant function we can write 
down. 

3.3.2 FRW model with scalar supermultiplets 

In this subsection we will restrict ourselves to a model where both the spin-1 field and its fermionic 
partner are set equal to zero. Such a situation will be less difficult to study as compared with the more 
demanding case where all matter fields are included. For the cases of a two-dimensional spherically 
symmetric and flat Kahler geometries we will find that the quantum states have a simple form, but 



different from the ones presented in ref. [|1£ 



The most general ^ which satisfies the Lorentz constraint Jab = '^{a'^b) — X{aXb) is 

m = A + iB^^tfjc + Ctfj^Xc + iDx^Xc + ^^^VcX^Xc , (131) 

where A, B, C, D, and E are functions of a, and only. The factors of i are chosen for simplicity. 

The next step is to solve the supersymmetry constraints Sa"^ = and Sa'"^ = 0. We will get 
four equations from S'^\E' = and another four equations from Sa'"^ = 0: 

_ + 00)^ = , - \l^a'a'A = , (132) 

-s dE a BE /-no , . 

iV2{l + 00 TTT = , - VGcr^a^E = . 133 

0(p v6 oa 



We can see that ( [L32| ) and ( |133| ) constitute decoupled equations for A and E, respectively. They 
have the general solution. 

A = f{<p) exp(-3(T2a2) , E = g{<p) exp(3a2a^) , (134) 

where /, g are arbitrary anti-holomorphic and holomorphic functions of 0, respectively. The other 
remaining equations are coupled equations between B and C and between C and D, respectively. 
The first step to decouple these equations is as follows. Let B = B{1 + (P^)-2 , C = ^(1 + 00)-2, 

D = D{1 + 00)~i We then get 

From ( p.35| ) we can eliminate B to get a partial differential equation for C: 



'X AyAyK^ dC _ a d f^dC\ 5 ^dC 
12 9a V da 6 da 



7' 

3cr a + 3a a 

4 



(7 = 0, (137) 
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and from ( |136|) , we will get another partial differential equation for C: 



dC 



a_d_ f dC^ 
12 da \ da 



5 dC_ 

6 da 



6a a — 6a a — 



4 



C = . 



(138) 



We can see immediately that C = because the coefficients of a'^a^C are different for these two 
equations. Using this result, we find 



B = /i(0)(l + 



a^exp(3aV) , C = , D = k{(f)){l + 



a'^ exp{-3a a ) 



(139) 



where h, k are holomorphic, anti-holomorphic functions of 0, respectively. 

Notice that result (|139D is a direct consequence that we could not find a consistent (Wheeler- 



DeWitt type) second-order differential equation for C and hence to B,D. Expressions ( [134| ), ( |139| ) 
are obtained directly from (|132D, ([133|) and (|135|) (|13ti|). Moreover, while Lorentz invariance allows 



the pair ipAX^ iii ( P-31| ), supersymmetry rejects it. A possible conclusion could be that supersym- 
metry transformations forbid any fermionic bound state ipAX"^ by treating the spin-^ fields ip^, x^ 
differently. 

These results can be strengthened by showing that C = is not a consequence of the particular 
ordering used. In fact, we can try the ordering presented in ref. |19] such that Sa and Sa' are 



Hermitian adjoints in the standard inner product (cf. requirements 1-4 above). If one allows for 
the factor ordering ambiguity in Sa due to the terms cubic in fermions, and insists that Sa' be the 
Hermitian adjoint of 5*^1, the new operators will have the form 



5a„,„ = Sa + XipA + if^(l)XA , Sa„,^ = SA + i (^-^ - /i^ 0Xa + (^-^ -X^^a ■ (140) 



Notice that Sa , Sa above represent the supersymmetry constraints but with the ordering of 
We will find another eight equations. We must set fi = to have a consistent decoupling. The 

only freedom left to get consistent equations for C is from A. By setting B = B{1 + 00) i, C = 
^(l + 00)~8, D = D(l + 00)8 we can again get two decoupled equations for C. Again the coeffecient 

of a'^a^C for one equation is — | and the coefficient of a'^a^C for the other equation is ^. Hence, we 
are led to C = 0, showing that the two most interesting orderings agree. 

Furthermore, this result does not depend on the chosen gauge group. For a two-dimensional flat 
Kahler manifold, the Kahler potential would be just 00, the Kahler metric is (^^^ = 1 and the Levi- 
Cita connections are zero. We will find out that the structure of the supersymmetry constraints are 
again the same. The reason is that the Kahler metric and the connection only enter the Lagrangian 
through the spin-i field xa and no other terms. So, there is only a change in the coefficient of 
(I^XaX^q^ in Sa and the corresponding term in Sa, the rest being equivalent to put 00 = in the 
necessary coefficients. The supersymmetry constraints are then 

d , d ^22, 'i'VS 7 5 9 



Sa = -2VSixA— - (^^Ag^ - Ga^a^ipA ^(PxaX^ 

1 , ,nd i\/6 - ,ud 5 ,nd 3 p, , d , ^ d 



and Sa is the Hermitian conjugate using ( |122D . 
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Solving the Sa"^ = and Sa"^ = 0, we obtain eight equations between B , C and D. Using 
B = i?exp(— , C = ;^exp(— and D = D exp{—^(j)(j)) [|TU|, we get 

dB a dC 7 ~ 1 2 2/^ n 9D a dC 7 ~ 1 2 2/^ n .on 

H 7: C + -a^a^C = , — — H C + -cr^a^C = , (142) 

d(p 12 (9a 12 2 ' 90 12 12 2 ' ^ ^ 

dC dD „ „ ~ ~ dC dB . , ~ ~ , , 

— - a— - ea^a^D + = , + a— - etx^a^E - 3S = . 143 
ail) aa c/^ oa 



This set of equations are exactly the same as (|135|) , (|136| ) if we put 00 = in there. We conclude 



therefore, that for the two-dimensional flat Kahler manifold, C = 0. These results seem to suggest 
that whatever Kahler manifold one uses, we reach the same conclusion. 

Let us now address the interpretation of the solutions we found above. 

A Hartle-Hawking (or no-boundary proposal) solution can be expressed in terms of a Euclidian 
path integral. A three-surface constitutes the only boundary of a compact four-manifold, on which 
the four-metric is g^y and induces h^^ on the boundary, and the matter field is and matches 0o on 
the boundary as well. A path integral is performed over all such g^y and within all such manifolds. 
For manifolds of the form of R x E, the no-boundary proposal indicates us to choose initial conditions 
at the initial point as to ensure the closure of four geometry. It basically consists in setting the initial 
three-surface volume h^^"^ to zero. 

Wormholes classical solutions connect different asymptotic regions of a Riemannian geometry. 
Such solutions can only be found when certain types of matter fields are present However, it seems 
more natural to study quantum wormhole states, i.e., solutions of the Wheeler-DeWitt equation. 
[[n]] . The wormhole ground state may be defined by a path integral over all possible asymptotic 
Euclidian 4-geometries and matter fields whose energy-momentum tensor vanishes at infinity. 

It is tempting to identify a Hartle-Hawking wave function in the fermionic filled sector, say, with 
5^(0) exp(3(j^a^). However, notice that the equations obtained from Sa^ = 0, Sa^ = are not enough 
to specify (7(0). This is particularly disappointing. A similar situation is also present in ref. [|T9(| , 
although an extra multiplicative factor of multiplying g{(f)) induces an even less clear situation. 
In fact, no attempt was made in ref. |l^, |19| to obtain a Hartle-Hawking solution. Being = 1 
supergravity a square root of general relativity , we would expect to be able to find solutions of the 
type e^^'^e"' . These would correspond to the Hartle-hawking state of a FRW model with a massless 
minimally coupled scalar field in ordinary quantum cosmology [^, [TOl] . 



In principle, there are no physical arguments for wormhole states to be absent in N=l supergravity 
with supermatter. In ordinary FRW quantum cosmology with scalar fields, the wormhole (ground) 
state solution would have a form like e~'^ cosh(p) jj|g|^ ||g|^ |100| ^ |101|| , with = p x exp{i9) . However, such 



behaviour is not provided in eq. ( |134| ), ( |139| ). Actually, it seems quite different. It is very puzzling 



that the wormhole state could be absent. However, ref. |]T9[ clearly represents an opposite point 
of view, as it explicitly depicts wormhole (Hawking-Page) states in a locally supersymmetric 
scenario. 

We may then ask in which conditions can solutions (|134|) , (|139|) be accomodated in order for 



Hartle-Hawking or wormhole type solutions to be obtained. The arbitrary functions /, g, h, k do not 
allow to conclude unequivovally that they would be damped either at small or large 3-geometries, 
for allowed values of 0, on the boundary or at infinity. Claims were made in ref. |2^, that 
no wormhole states were found. Moreover, the claim ||2^, |2^ that a Hartle-Hawking solution was 
identified is definitively not satisfactory [Rz 



Hence, the current situation is as follows. Hartle-Hawking and quantum wormhole type solutions 
were found in minisuperspaces for pure N=l supergravity [^]-[|TT|, |^T[-||2^. However, wormhole 
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solutions are absent in the literature El, concerning pure gravity cases [0, |100| , |101|| . Hartle-Hawking 
wave functions and wormhole ground states are present in ordinary minisuperspace with matter 
]6^ , |70| , [fl| , |100| , |101|| . When supersymmetry is introduced |T^-||2^, [^-[Q we confront problems 



as far as Hartle-Hawking or wormhole type solutions are concerned. 

Let us address the apparent absence of wormhole solutions in (|134|) , ( |139| ). As mentioned above, 
wormhole solutions were foundS in ref. [M for supersymmetric FRW models with scalar supermulti- 

^ for fermionic non-dynamical 



plets. But it should be emphasized that in |T9[ the re-definition ([79D 
variables was employed, together with a fermionic ordering satisfying criteria 1, 2, 4. The relevant 
equations in ref. [0 are 



-^-9(h]E 







d 



A = 



0. 2(a^ + 6a^-2)z,-| 

, - - 5 j E = . 



(144) 
(145) 
(146) 
(147) 



The four Dirac-like equations ( |145| ), (|146| ) for the components B,C,D lead consistently to a set of 
Wheeler-DeWitt equations for each bosonic amplitude. E.g., 



d ( dC\ dC , d'C 

a— a—— — 2a— Sba C - 

oa \ oa I oa 







:i48) 



A wormhole state may then be obtained (cf. ref. IT 



C(a,p) = a j dkk g{k)Hl]^^^ (^3ia^) Jo(M ^9{k) 



exp 



(149) 



where -f^^(fc) and Jo{kp) are Hankel and Bessel functions, respectively. 

The explanation for the apparent opposite conclusions in [p!9| , p7| is that the choice of Lagrange 
multipliers and fermionic derivative ordering can make a difference. Our arguments are as follows. 

Let us first consider the choice of Lagrange multipliers and their possible influence. The quantum 
formulation of wormholes in ordinary quantum cosmology has been shown to depend on the lapse 
function ||100| , |101| |. A similar ambiguity has already been pointed out in | p.02| ] (see also | |103| ) but for 
generic quantum cosmology and related to bosonic factor ordering questions in the Wheeler-DeWitt 
operator. The self-adjointness in the Wheeler-DeWitt operator involves a non-linearity in N. For 
each choice of there is a different metric in minisuperspace, all these metrics being related by a 
conformal transformation [|104|| . Therefore, for each of these choices, the quantization process will be 
differentS. 



^^Notice that for pure gravity neither classical or quantum wormhole solutions have been produced in the literature. 
A matter field seems to be required: the "throat" size is proportional to y/j' where J' represents a (conserved) flux of 
matter fields. 

^^Notice that an attempt ||l8| using the constraints present in [|l6|, but the ordering employed in 1. - 3. also 
seemed to have failed in getting wormhole states. 

^^In fact, consider a minisuperspace consisting of a FRW geometry and homogeneous scalar field. A conformal 
coupling allows a more general class of solutions of the Wheeler-DeWitt equation than does the minimally coupled 



case, even if a one-to-one correspondence exists between bounded states |104 



31 



For some choices of the quantization are even inadmissible, e.g, when N too fast for 
vanishing 3-geometries in the wormhole case (cf. ref. | |10(j| , |101|| for more details). Basically, requiring 
regularity for \1/ at a — >■ is equivalent to self-adjointness for the Wheeler-DeWitt operator at that 
point. Choices of N that vanish too fast when a ^ will lead to problems as the minisuperspace 
measure will be infinite at (regular) configurations associated with vanishing three-geometries volume. 

A similar effect can be expected when local supersymmetry transformations are present^. Besides 
the lapse function, we have now the time components of the gravitino field, ipQ, and of the torsion- 
free connection 00^3 as Lagrange multipliers. At the pure N=l supergravity level, the re-definition 
of fermionic non-dynamical variables ([7UD, (^Dj) changes the supersymmetry and Hamiltonian con- 
straints. In fact, no fermionic terms were present in Ti ~ {Sa, Sa} and no cubic fermionic terms in 
the supersymmetry constraints. Hence, no ordering problems with regard to fermionic derivatives 
were present. The model with matter used in [|1^ was then extracted post-hoc ^ from a few 



basic assumptions about their general form and supersymmetric algebra. Cubic fermionic terms like 
ipipip or ipxx are now present but the former is absent in the pure case. 

Let us be more clear. If we just use ipQ, then the supersymmetry and Hamiltonian constraints 
read (in the pure case): 

Sa = i^AT^a - QiaipA + ^nfip^ipEi^E', (150) 

Sa' = i^A'^a + QiatpA' - ^^Ei''^ i^E-ipE'^ (151) 

n = -a-\nl + 36a^) + I2a~^ n^^' a^^ a' ■ (152) 



Comparing with (|8T|), we see that the redefinition ([79|), (^) imply the the last term in eq. (|15CI|) 



( |151| ), ( |152| ) to be absent. For \1> ~ Ai + A2i>Ai>^-, = e"^" and A2 = e^" constitute solutions of 
the equations induced by S'^^t' = and Sa"^ = 0, respectively. This holds for the pure case if we 
use either \1/q or p^. This particular \1/ is also a solution of H"^ = 0, but only for the TC without 
the second term in ( |152| ). I.e., when ([79|), (^) are fully employed. In fact, \1/ does not constitute a 
solution of the full expression in ( |152| ): the function e^" would have to be replaced. 

Hence the choice between pA and ipo directly affects any consistency between the quantum solu- 
tions of the supersymmetry constraints. 

Criteria 1,2,4 (ref. |18|, EO]) for the fermionic derivative ordering were used in solving the 



equations above. In ref. [|l9l an Hermitian adjoint relation between the supersymmetry transfor- 
mations (criteria 3.) was accomodated. In ref. |^ all these criteria were tested but with the 
supersymmetry and Hamiltonian constraints directly obtained from ipQ,ipQ,N. Fermionic factor 
ordering becomes absent for (|79|), ([80|). If we then use the fermionic ordering employed in |]18[ (where 
we accomodate the Hermitain adjointness with requirements 1,2,4 up to minor changes relatively to 
1,2) a wormhole state can be found (cf. ref. [0). 

Thus, there seems to be a relation between a choice of Lagrange multipliers (which simplifies 
the constraints and the algebra in the pure case) and fermionic factor ordering (which may become 
absent in the pure case). These in turn enable to obtain second order consistent equations (i.e., 
Wheeler-DeWitt type) or solutions from the supersymmetry constraints. The consistency failure 
found from ( p.37| ), ( p.38| ), e.g., is the reason why C = 0. Different choices of i/jq or pA, then of fermionic 



"'^^It should be recalled that a combination of two supersymmetry transformations, generated by Sa and Sa' and 
whose amount is represented by the Lagrange multipliers tp^, ■ip^ , can be equivalent to a transformation generated by 
the Hamiltonian constraint and where the lapse function is the corresponding Lagrange multiplier. 
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derivative ordering will lead to different supersymmetry constraints and to different solutions for the 
quantization of the problem. 

Finally, let us write the first-order differential equations derived from the supersymmetry con- 
straints (i.e., eq. ( |132| ), ( [133| ), ( |135| ), ( [L3(i| )) but with = re'^ and C = 0. This will assist us in getting 
the explicit dependence of \1/ on 0, and adequately identify the Hartle-Hawking wave-function. We 
then get 

dA .ldA_^ dE .IdE _^ 
dr r 86 ' dr r 86 

1 + — - I — + r5 = , 1 + — + i — + rD = , 154 

or r o6 or r o6 

which provide (after integration) the general quantum state 

m = cir^^e-^^^^e-3^''^'+C3aV^e-^^^^(l + r2)5e3-'«>c^^^ 

+ C4aV^*e*^*^(l + r2)^e-3'^''''x''xc + C2r^^e*^^^e=^'^''^V^V'cx''xD , (155) 

where A1...A4 and C1...C4 are constants. Notice now the explicit form of A,B,D,E in (|155|) in 
contrast with previous expressions. If we had use = 0i + i(f)2 then the corresponding first-order 
differential equations would lead to A = die-^''^"'\^^^^-'^^\ B = 4e3'"'"'(l + 0? + 0|)e''3(<^-i02)^ 
B = d4e-3'^''^'(l + 0? + 02)e'=4(0+i<^2)^ E = d2e^''^°'\^^^^+'^^\ 

The bosonic coefficients in ( |155|) correspond to particular solutions obtainable within the frame- 



work of ref. | |1 14|| if a. specific factor ordering for vr^, vr^, is used in the Wheeler-DeWitt equation. 
The point is that the supersymmetry constraints imply = and §^ = and the Wheeler-DeWitt 

equation involves a term -k^-k^ ~ (vr^ - me){Tir + me) ^ £2 + ^ft- But (^^ - (^^ + z^^) ^ 

■§p2 + Hence, the presence of supersymmetry selects a particular factor ordering for the 

canonical momenta in the Hamiltonian constraint. As a consequence, specific exact solutionsEl 
(say, e~^^ " ^x^ixe^ found from the Wheeler-DeWitt equation in the gravitational and matter 

sectors. The no-boundary wave function corresponds to the bosonic coefficient A. 

Notice that the bosonic coefficients in ( |155| ) satisfy attractive relations in a 3-dimensional min- 



isuperspace (see ref. ^ for a comprehensive description) 



(If. -|^«) .0, 



with Da = da — Q/a. However, the presence of the last term in both eq. ( |156|) and ( |157| ) clearly 



prevent us from to associate them with a conservation equation of the type V J = 0. It is explained 
in ref. p9| , ^ how the presence of supersymmetry, 6 no longer being a cyclical coordinate and the 
absence of satisfactory conserved currents are all related. 



^^In the decomposition (f> — (f>i + i(j)2 the bosonic part of the Hamiltonian constraint corresponds to a FRW model 
with two independent massless scalar fields. The novel characteristic induced by supersymmetry is that the complex 
scalar fields imply via the expressions for A or E that the (separation) constant k (present in the equations equivalent 
to eqs. (9)-(23) of ref. |7^) is now k — di — df — 0. This means that the scalar flux associated with (pi and 02 as 
described in is now absent. Consequently, the lower bound for a is a = 0. ft is then not apparent how these 
solutions can represent a wormhole connecting two asymptotic regions. 
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3.3.3 FRW model with generic gauged matter 



Let us now solve the supersymmetry constraints S^"^ = and Sa'"^ = for the more general 
case where all supermatter fields are present. We will use the ansatze described in subsections 3.1.2 
and 3.3.1. The number of constraint equations will be very high. Their full analysis is quite tedious 
and to write all the terms would overburden the reader. Let us instead show some examples of the 
calculations involving the Sa"^ = constraint (see ref. 

0. Since 



Consider the terms linear in x^: — -^(1 + 
this is true for all xa, the above equation becomes 



dA 



Xa + 



\/2 



'1 + 



dA 



ef + 



\/2(l + 



-a 



AA 



(a) 



(158) 



Multiply the whole equation hj ubb' and use the relation ubb'^i^^' = ^^b'' ■ We can see that the two 
terms in ( |158| ) are independent of each other since the a matrices are orthogonal to the n matrix. 
Thus, we conclude that A = 0. 



Now consider, e.g., the terms linear in XbV'*"'^c- We have 

a dC . 7 ^ .V3 



— -6B 



- I — + i—a'^a^C 



Xa^^'^^c 



V 2(1 + 



(159) 



By the same argument as above, the first term is independent of the second one and we have the 
result B = 0. 

As we proceed, this pattern keeps repeating itself. Some equations show that the coefficients have 
some symmetry properties. For example, let us take d(^ab) = '2g{ab)- But when these two terms are 
combined with each other, they become zero. This can be seen as follows. 



4.A(«)^XcA('^)^Xi. + ^?a.A('^)^A(3x^^D = -^?a.A(«)^A(8x^V^i. + 9a>,X^''^''X%''i^D, (160) 

using the property that gab = gba and the spinor identity 9ab = I^ct^cab where 9ab is anti-symmetric 
in the two indices. The same property applies to the terms with coefficients fabcd and gabcd- Other 
equations imply that the coefficients Cabc, dabc, Cabcd, Gabc, fabc, dabcd, eabcd, Kbcd are totally symmetric 
in their indices. This then leads to terms cancelling each other, as can easily be shown. In the end, 
considering both the Sa^ = and Sa^ = constraints, we are left with the surprising result that 
the wave function ( |130| ) must be zero in order to satisfy the quantum constraints! 

3.3.4 FRW model with Yang-Mills fields 

We will now consider a FRW model with Yang Mills fields obtained from the more general theory 
of N=l supergravity with gauged supermatter [Q, associated with a gauge group G = SU{2). We 



will put all scalar fields and corresponding supersymmetric partners equal to zeroc2l. It should be 
noticed that Yang-Mills fields coupled to N=l supergravity can also be found in ref. ||1U5||. We 



shall use the ansatz (|107| ) for A'^^\ This implies A^^'' to be paramatrized by a single effective scalar 



^°It was shown in ref. ^ for the case of a gauge group SO (3) ~ SU(2) that invariance for homogeneity and 
isotropy as well as gauge transformations require all components of to be zero. Only for SO(N), N>3 we can have 

= (0,0,0, 0l,...,0Ar_3). 
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function f{t). Ordinary FRW cosmologies with this Yang-Mills field ansatz are totally equivalent to 
a FRW minisuperspace with an effective conformally coupled scalar field, but with a quartic potential 
instead of a quadratic one |^-|9^ . 



The introduction of fermions in ordinary quantum cosmological models with gauge fields led to 
additional non-trivial ansatze for the fermionic fields ||106|| . These involve restrictions from group 
theory, rather than just imposing time dependence. However, we should notice that fermions in simple 
minisuperspace models have also been considered in pT| , |107| , p.08|| . Some questions concerning the 



in) consistency of these models were raised in ||107|| and an attempt to clarify them was made in 



Hence, it seemed sensible that similarly to the case where only scalar fields are present, we ought 
to take as fermionic partner for ( |107| ) a simple spin-| field, like xa- However, this would lead to 



some difficulties (see ref. for more details). The more general ansatz for the spin-| fields is just 



to take 



A 



(a) 



Aj)(t) 



(161) 



and correspondingly to its Hermitian conjugate 

An important consequence of not having scalar fields and their fermionic partners is that the 
Killing potentials D^"-'> and related quantitites are now absent. In fact, if we had complex scalar fields, 
a Kahler manifold could be considered with metric gu* on the space of {(p^ For G = SU{2) 
with = = this implies D^^^ = D^"^^ = and D^^^ = — |. However, being the D^""^ fixed up to 
constants which are now arbitrarly, we can choose D^^^ = consistently. 

The subsequent steps correspond to adapt subsection 3.3.1 according to the ansatze mentioned 
above. Namely, truncatingeq. ( |128| ), its H.c. and ( |130| ). Ref. 
details. 

From S'yi\E' = we obtain 



34i can be consulted for further 



dA 



2VQ da 
^/2dA 1 




0, 



(162) 



[l-(/ 



1?W A 



0, 



They correspond, respectively, to terms linear in i/ja and A^'*. 
of A on a and /, respectively. 

Solving these equations leads to A = A{a)A{f) as 



(163) 

Eq. ( |162| ), ( |163| ) give the dependence 



A 



(164) 



A similar relation exists for the Sa"^ 
term give for G = G{a)G{f) 



equations, which from the i^a^e^^^ 



(l)Ag)A^(2)Ag)A^ 



'(3) 



G 



g3a a g 



16°^ \^ 3 



(165) 

It should be emphasized that we are indeed allowed to completely determine the dependence of A 
and G with respect to a and /, differently to the case of ref. ^7\, |5D[- 



The solution ( |165| ) corresponds to the Hartle-Hawking (no-boundary) solution ||7y, In fact, 
we basically recover solution (3.8a) of ref. (where only ordinary quantum cosmology with Yang- 
Mills fields is considered) if we replace f f + 1. As it can be checked, this constitutes the rightful 
procedure according to the definitions employed in |^ for A^^\ Solution (|165|) is also associated with 
an anti-self-dual solution of the Euclidianized equations of motion (cf. ref. 
when fermions are present not all the solutions present in 



88|, |89|]). It is curious that 



can be recovered. This applies to other 
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anti-self-dual and self-dual solutions. Moreover, this implies that the Gaussian wave function ( |165| ), 
peaked around / = 1 represents only one of the components of the Hartle-Hawking wave function 
in We should notice, however, that the Gaussian wave function in p8| is peaked around the 
two minima of the potential due to the quadratic nature of this one. In our case, we have instead 
a Dirac-like structure for our equations and our potential terms correspond rather to a square-root 



of the potential present in ref. In their present form, the Dirac bracket of the supersymmetry 

constraints induces a Hamiltonian whose bosonic part contains the decoup/ed gravitational and vector 
field parts, in agreement with |^8|, p8| . 

Solution ( |164| ) could be interpreted as wormhole solution [^, which has not yet been found 
in ordinary quantum cosmology. However, in spite of (|164|) being regular for a — > and damped for 
a — i> oo, it may not be well behaved when / — oo. This last property might constitute a drawback 
when attempting to identify it as a sucessfuUquantum wormhole state ^ |10CI| , |101| . 



The remaining equations from Sa^ = and Hermitian conjugate imply that any possible solutions 
are neither the Hartle-Hawking or a wormhole state. In fact, we would get, say, F ~ a^F{a)F{f) 
and similar expressions for other coefficients, with a prefactor a", n ^ 0. Hence, from their a- 
dependence equations these solutions cannot be either a Hartle-Hawking or wormhole state (cf. ref. 



89, 100 



3.3.5 Bianchi type-IX model with scalar supermultiplets 

In this section we will describe a Bianchi type-IX model with spatial metric in diagonal form, 
using the supersymmetry constraints (|4^) derived in subsection 2.1.2. We restrict our case to a 
supermatter model constituted only by a scalar field and its spin— ^ partner with a two-dimensional 
fiat Kahler geometry. The scalar super-multiplet is chosen to be spatially homogeneous. We require 
that the components 1p^Q,^p'^Q be functions of time only. We further require that ip'^i and -i/^^j be 
spatially homogeneous in the basis in (^. 

A quantum description can be made by studying wave functions of the form 

The choice of xa = n^'^'xA' rather than xa is designed so that the quantum constraint 5*^/ should 
be of first order in momenta. The momenta are representedill by 



^AA' 



i,XA,(p,<P 



Paa' 



-ih- 



6 



■ft ^ 
—in—— , ttj 



•ft ^ 

d 



X 



The supersymmetry constraints become, with 



' --2e 



-V2h 



d 



dx' 



(166) 
(167) 
(168) 



SeCC'j 



CC'ish-, 



-iV2 



-ih 



1 r 



eAA'i-ipf 



^CC'i 



GAA'i^i 



iV2hhe^''^P{(t)) 



n 



1/6 



AB 



,D 



CB' 



d 



d 



dx 



^?A 



^^It is interesting to notice that for the x, X fields no powers of h seemed to be needed to establish the equations for 
the coefficients in ^P. 
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+ -l=M^,^(e^^/n^^'-e^^'^n^^,)^DC'X^^, (169) 

and Sa is the Hermitian conjugate, where the terms containing no matter fields are consistent with 
ref. [0. Notice that a constant analytical potential is similar to the cosmological constant term in 
ref. We will employ the integrated form of the constraints, i.e., 7i = / d^xH. 

Our general Lorentz-invariant wave function is then taken to be a polynomial of eight degree in 
Grassmann variables 

^'(ai, as, ag, 0, 0) = A + 5i/3a/5^ + B2XaX^ + CiTabcT^^^ 
+ D.^A^^^EBCl'"'''' + D^XaX^Iebci'^'''' 

+ G.PaP^Xbx'' + i/i/3A/3^XBx''7i^Dc7'''''' 

+ i?l(7ABC7^^^)^ + h^A^^XBr^lEDC!'^''''? 

+ ZiXA/S^ + Z.XaP^Iedci'''''' + ^3Xa/3^(7edc7'''''')' • (170) 

We are aware of its limitations as far as the middle sectors are concerned. In fact, we will 
be neglecting Lorentz invariants built with gravitational degrees of freedom. The "new" method 



proposed in [0, Q to construct the correct middle fermionic sectors would give the correct spectrum 



of solutions. However, the solutions pointed there were not entirely new: they were already present 
in the "old" framework of [1^, 0, |12|. Thus, our simpler Lorentz invariant construction could still 
be of some utility, namely in obtaining new realistic solutions. 

The action of the constraints operators Sa, Sa' on \E' leads to a system of coupled first order 
differential equations which the bosonic amplitude coefficients of ^ must satisfy. These coefficients 
are functions of Oi, as, 03, 0, 0. The equations are obtained after eliminating the ef^ and n"^"^ 
resulting in the Sa^ = 0, Sa'^ = 0. We contract them with combinations of e^^ and rf^^ , followed 
by integraton over 5*^. These equations correspond essentially to expressions in front of terms such 
as Xi P'^XXil^^^XXi 6tc, after the fermionic derivatives in Sa, Sa' have been performed. 

As one can easily see, the number of obtained equations will be very large. Actually, its number 
will be 44x3, taking into account cyclic permutations on ai, as, as. Their full analysis is quite tedious. 
We will instead point here some steps involved in the calculations, and the interested reader is invited 



to follow ref. |31| for more details. The supersymmetry constraint 5*^' has fermionic terms of the 



type (3^, ryABu ^ ^a^ XX^ , , ^^^^^ '^a is of second order in fermionic derivatives 

and includes terms as 'j^^^^ x^,x-^-^,'ip-^-^,x-^-^. Some of these fermionic terms 

applied to \E' increase the fermionic order by a factor of one (e.g, x), while others as decrease 
it by the same amount. 

In the following we will describe two cases separately: when the analytic potential -P($) is 
arbitrarly and when is identically set to zero. We will begin by the former. 

It is worthwhile to stress the following result, which holds regardless we put -P(0) = or not 
(cf. ref. 1^ and references therein). Using the symmetry properties of ef^ ,nAA',l'^^'~^ ,£ab "we can 
check that all equations which correspond to the terms 7, 7/?/?, XX7; 777 ; iPPu, IXXlli iPPxX, 
iPPxXll ill Sa"^ = 0,Sa''^ = will give a similar expression for the the coefficients A, Bi, B2,Ci, 
Du D2, El, Fi, F2, Gi, Hi, h. Namely, 

P(ai,a2,a3;0,0)e±H+'^^+'^i). (171) 
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The same does not apply to the ^1,^2, Z3 coefficients as the 13x1 cind /?X7(77) terms from both the 
supersymmetry constraints just mix them with other coefficients in This can be seen, e.g., from 
the equations corresponding to Idef^PP) term in Sa''^ = 0: 

2e'^'^eAA'iCU^B^.n^5,e'^^'fc5i - ^^1^5,6^^',^^ + (BCD ^ CDB) + {BCD ^ DBC) = . (172) 

Consider now the equations obtained from Sa"^ = with terms hnear in jS and 7. After contrac- 
tion with expressions in ef^ , uaa' and integrating over 5*^, we get Ci = 0. From the hnear terms in 
P and 7 from Sa'"^ = we get a relation between Zi and Bi c^Y (see [0): 

-X ^ fa?+a?+a?) - dZi 

F aia2a3;0,0 eL « ' ^jj ^ 20Zi - 8«— i = 0. 173 

For the particular case of Bi = 0, i.e., y = 0, it follows from the remaining equations that the 
only possible solution is \1/ = 0. For an arbitrarly Bi, eq. ( |173| ) allows to write an expression for Zi 



in terms of functions of 0, and Oi, 02, 03. If we use that expression in other equations, we get other 
formulas for other bosonic coefficients. From this procedure, we would get the general solution of 
this extremely complicated set of differential equations. Although apparently possible, we could not 
establish a definite result in the end due to the complexity of the equations involved. As in [^, pD|] , 
no easy way is apparent of obtaining an analitycal solution to this set of equations. Moreover, the 
exponential terms e^^^ lead to some difficulties. 

Let us now consider the case when we choose the analytical potential to be identically zero. 
From the equations directly obtained from Sa"^ = 0,S^a/\1/ = we have self-contained groups of 
equations relating the 15 wave function coefficients. This applies to 3 groups involving {A, Bi, B2, Ci, 
Zi), (Gi, Di, D2, El, Z2) and {Hi, Fi, F2, Ii, Z^). Moreover, the equations corresponding to the terms 
linear in P, 7, x in Sa'"^ = and ^XXillY: PPxillY iii Sa^ = completly determine the coefficients 
A and Ji. In addition, A and Ji do not appear in any other equation. We have then 

A = /(0)e-'^['^?+'^^+"3], Ji = A;(0)e-'^['^'+'^^+'^3]e-2-^'^^. (174) 

The equations involving Bi, B2,Ci, Zi can also be said to be self-contained in the same sense. 
They involve only these coefficients and no other. Moreover, these coefficients do not occur in any 
other equations. This can be checked, namely from the equations for the terms linear in (3, x in 
Sa^ = 0, PPx and PxX in 5*^'^^ = 0, PPj in S'a'^ = 0, X77,/377,777 in ^a'^ = 0, 7 in Sa^^! = 0. 
The previous ones in Xll^ (^11^111^1 jnst involve Ci. All the other equations have Bi,B2,Zi. 
However, the Pxi equation in Sa'"^ = mixes Bi,Ci,Zi. Actually, is the only equation which 
mixes Ci with the remaining bosonic coefficients in the corresponding group. The same structure 
of equations and relations between coefficients also occur, in particular for the subsets involving 
Di,D2,Ei,Z2 &nd Fi, F2, h, Z3. 

From the analysis of the groups of equations which includes Bi, B2, Ci, Zi {PPx, PxX equations 
from Sa'"^ = and P, x equations from Sa"^ = 0) we get Zi = 0. Consequently, the equations 
corresponding to only P and 7 involve just Bi and Ci. These equations are then as the ones in the 



case of a Bianchi-IX with A = and no supermatter [|T0|, [T^. The only possible solution of these 
equations with respest to ai, 02, 03 is the trivial one, i.e., Bi = Ci = 0. The equations corresponding 
to X and combinations of it with /3 or 7 would give, with Bi = Ci = Zi = 0, the dependence of B2 
on ai, a2, 03, 0. This corresponds to 

B2 = /i(0)aia2a3e-^['^?+'^'+''3]e-2-''^^. (175) 
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This pattern repeats itself in a similar way when we consider the two groups involving Di, D2, Ei, 
Z2 and Fi, F2, Z3. We get Ei = d = = from Z2 = D2 = 0, Z2 = Di = 0, and Z3 = Fi = 0. 
Hence, besides A and Ji, only 1^2 and F2 will be different from zero. We can then write for the 
solution of the constraints 

+ ^?(0)aia2a3e^["?-^"^+'^i]e-^-^'^%/3^(7BCD7^^'')' 

+ A:(0)e'^["?+'^^+'^%AX^/3i./3^(7BCi.7^^^)'- (176) 



4 Bianchi class A models from N=2 supergravity 

In this section we will address the canonical formulation of Bianchi class A models in = 2 
supergravity, summarizing ref. [^5|, N = 2 supergravity |7^, ^ couples a graviton-gravitino 
pair with other pair constituted by another gravitino and a Maxwell field. It contains a manifest 
0(2) invariance which rotates the two gravitinos into each other. We consider two cases: when the 
internal symmetry 0(2) is either (a) global or {b) local. 

The action for the general theory in case (a) can be written as [|73| 

e „ . „ e 



where 



2k^ 

\fI^ + ^^i'^)[e(F'^^ + F^^) + ]p,{F^^ + ~Fn]^^^)e^\ (177) 



(b) _ 




(/i^z/), (178) 

and equals ^^vpaF'^'^ . The gravitinos ^/'^'^•* are here depicted in 4-component representation, 
(a) = 1,2 are 0(2) group indices and is a Maxwell field, u is the connection, 7^ are Dirac 
matrices and 75 = 7o7i7273- Furthermore, e^^ = l,e^^ = —1. 

E'n route to the canonical quantization of Bianchi class A models, we require the following two 



steps to be complied. On the one hand, we ought to re-write the action ( |1 77|) in 2-component spinor 
notation. We do so using the conventions in |^ (cf. also 0, |73|). On the other hand, we impose a 
consistent Bianchi anzatse for all fields. 

Choosing a symmetric basis, the tetrad components e° are time dependent only, like the spatial 
components of the gravitino fields i/jf^"^^ and the Maxwell field Ai. We also require the other compo- 
nents to be time dependent only. Notice that as consequence of choosing a symmetric basis we have 



F^u = A„^^ — A^^„ + A^C^j^, where = if one or more indices are equal to zerc^^' 
The momentum conjugate to the vector field Ai is 



+ ^ doA, ^^'^^^^ - ^^^S). (179) 



^^This simply means that according to the chosen Bianchi type we can have either a pure electric, magnetic or both 
fields. See ref.[|68t for an early review of Bianchi minisuperspace models in the presence of electromagnetic fields. Pure 
uniform magnetic or electric fields (but not both) are only allowed for the Bianchi types I, II, III, VI (/i = — 1), VII 
{h = 0) with possible constraints and are forbidden for the types IV, V, VI {h ^ —1), VII {h ^ 0), VIII, IX. For types 
IV, V, VI (/i 7^ — 1), VII (/i ^ 0), VIII, IX, however, both electric and magnetic fields are present but they are parallel 
to each other (null Poyinting vector). 
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Notice that we do not get any gauge - central charge - constraint term of the form AqQ. This 
is due to our specific homogeneous ansatze choices above mentioned and also to the choice of global 
invariance . Had we considered a mininal coupling, i.e., gauging the 0(2) transformations p4| then 
a AqQ term could be present in the Hamiltonian. 

The Dirac bracket relations are now: 



! Pbb' 



D 



D 



D 



:i8o) 



where we have defined p^^, = p\j^, — |e*-''^'?/'j^VfcA'- The Lorentz constraints are Jab = Pi{A^'^^B)A' + 
^^"^ conjugate. Multiplying the Lorentz constraints by ujqab and ooqa'b' and adding 
them in this way to the supersymmetry constraints, the supersymmetry constraints take the form 

(181) 



WiA' 



and its Hermitian conjugate. 

The promotion of the 0(2) internal symmetry to a gauge transformation implies that the 
following terms (already written in 2-component spinor notation) should be added to the Lagrangian 
in O: 



-eA 



2A 



(a) RA'^l^u 



4, 



-bb' 



B'{a) 



A 



-e\ — -e 



6 



At -^AB'^^-B 



fiupcr 



(182) 



where the cosmological constant A is related to the gauge coupling constant, g by A = — 6g^. Eq. 
(|182|) is a consequence of coupling minimally the Maxwell field to the fermions. From local invariance, 
we now get a gauge - central charge - constraint term AqQ in the action, which for the case of our 
Bianchi models takes the form 



Q = hi 



A 
6 



(b)A' 



:i83) 



Furthermore, the S'^^ supersymmetry constraint ( |181| ) gets the additional contributions, 

,{b)A 



h'^J-^e^'e'^'e,AA'A,^l 



h2 



2A 



-e A'^nAB'-ipi 



{a)B' 



Quantum mechanically, the bracket relations become 



1 PbB' 



Ai,TT^ 



m6i 



(184) 



(185) 



Choosing (^Aj, Cjaa', '^i'*^'^) as the coordinates variables in our minisuperspace, we consequently em- 
ploy 

(186) 



Paa' 



''"'Q^AA'-' ^] 



-ihD 



AA' 



d 



-ih 



d 
dl. 



After all the simplications, we finally obtain the quantum supersymmetry constraints as 



{a)A 



_d 1 

~ 2 

d 



d 



(b)B 



A'mi 



h 



dA, 



d 



ib)C 



:i87) 
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plus the terms in (|184|) and S*^**^ is the Hermitian conjugate, where T^^ = T^^ = 1 and the remaining 
are zero. 

We now address the physical states which are solutions of the above constraints. The quantum 
states may be described by the wave function "^{eAA'i, From the Lorentz constraint, \l/ 

must be expanded in even powers of ip^h symbolically represented by up to ip'^'^. This is due 

to the anti-commutation relations of the six spatial components of the two types of gravitino. 

An important consequence of eq. ( |187|) is that neither of the supersymmetry constraints 5'^'* and 
S^^ conserves fermion number. In fact, a mixing between fermionic modes occurs for This is 
due to terms involving ^4- — ^ and j^'ipiA or the ones associated with Fj^. While the remaining 



fermionic terms in S^^) ( [187| ) act on by increasing the fermionic order by a factor of one, gj- g_^(b)c 

decrease it by the same amount. Concerning the S^^ constraint, the situation is precisely the reverse. 
The nature of this problem can also be better understood as follows. 

Let us consider the two fermion level and follow the guidelines described in Since we have 



-gj- — f^jQ aiiu 'oa'^iA ^'■^^ oiieb asbociaieu wim -Tjk- 



a a 



12 degrees of freedom associated with the gravitinos, we may expect to have up to 66 terms in this 
fermionic sector. Thus, the two-fermion level of the more general ansatz of the wave function can be 
written as 

^2 = {Qjab + E,,ab) ^^"^'"'^'^^ + {U,,kab + V,,kab) e\^,nj^' ^^'^'^^^^^'^^^ , (188) 



where Cijab = C{ij){ab), Eijab = -£^fo][ab], Uijkab = Ui(^jk)[ab] and Vijkab = Vi[jk]{ab)- When is truncated in 

dai aAi ' aAi ' dAi ' a A, 



the second fermionic order, we obtain a set of equations, relating ^ with ^^^^^ 



(from S'x)) and with (from sj^). Here ai,i = 1,2,3, stand for scale 

factors in a Bianchi class A model, \l/o denotes the bosonic sector and \l/o, Cijab, Eijab, Uijkab, Vijkab 
are functions of Aj,ai solely. Moving to the equations corresponding to higher fermionic terms this 
pattern keeps repeating itself, with algebraic terms added to it. 

However, the present situation is rather different from the one in FRW models in = 1 su- 
pergravity with supermatter (cf. ref. p^). In the FRW case, the mixing occurs only within each 
fermionic level and decoupled from other Lorentz invariant fermionic sectors with different order. 
In the present case, the mixing is between fermionic sectors of the same and any different adjacent 
order. This situation is quite similar to what a cosmological constant causes. 

It is tempting to see the relations between gradient terms such as with |^ (from S^^)) and 

with 1^ (from S^^^) as a consequence of A^ = 2 supergravity []73| , ^ Q realizing Einstein's 



dream of unifying gravity with electromagnetism. These relations establish a duality between the 

coefficients of \1/ in fermionic sectors of adjacent order relatively to the intertwining of the derivatives 

a a 
aAi ' aai ' 

when considering 0(2) local invariance a gauge constraint ( |183| ) appears. In spite of the addi- 
tional difficulties caused now by cosmological constant and gravitinos mass-terms, the presence of 
(|183|) allows us to extract some information concerning the form of the wave function. Quantum 
mechanically, the gauge constraint takes the form 

(189) 

Notice that the gauge constraint has no factor ordering problem due to the presence of e"''. It is then 
simple to verify that the following fermionic expressions satisfy the gauge constraint operator above: 

QS^^-^l^^^l^^"" = , QT,yfc]e^;,^,n/>('^)^-^^('^)'=^ = 0. (190) 
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5'("^"-). Hence, the most general solution of the quantum gauge constraint can be 



{a)jA^{a)kB- 



(191) 



where S*™" 
written as 

VI/ = VI/ [e^^„ A,, r,[,,]e:,^,n/>^ 

However, obtaining non-trivial solutions of the supersymmetry constraints in the metric representa- 
tion for Bianchi class A models with A 7^ proved too difficult. 

Alternatively, a simplified adaptation of the method outlined in ref. was employed in 
We will use a solution previously obtained in for the case of the general theory of = 2 
supergravity. For the case of Bianchi class A models, it becomes v]/ = ^t{F+G)+H ^ where F 



B 



G 



m- 



H 



l^^Af^AjAB + ^Af^Afs-^kCA 

where AiAB are the complexified spin-connections. 
In the metric representation, and for the case of a Bianchi-IX model, the 12th fermion level term, 
with half for each gravitino type involves a bosonic coefficient as 



jk 



*1 



i2{eAAH,A,)^{A' + A'' + A'')e 



jk 



where A^ = A^A^. Other bosonic coefficients for the 8th fermionic order would include 

Vffg ~ y^'i:^-{al+al+al)+{aia2+a2a3+a3ai) ^e^^'' AiFjk 
vE'g ~ j^4:^-{al+al+a^)+{aia2~a2a-i-a3ai) ^e^^'' AiFjk 



(192) 



(193) 
(194) 



half for each gravitino type. 

The Chern-Simons functional constitutes an exact solution to the Ashtekar-Hamilton- Jacobi equa- 



tions of general relativity with non-zero cosmological constant ||9^. Furthermore, the exponential of 
the Chern-Simons functional provides a semiclassical approximation to the no-boundary wave func- 
tion in some minisuperspaces ||109|| . However, the exponential of the Chern-Simons functional has 
also been shown not to be a proper quantum state, because it is non-normalizable ||110|| (see ref. 
and references therein for related discussions). 



Assessment: results achieved and further research 



The purposes of the present report were twofold. 

On the one hand, we were committed to describe in some detail the fundamental elements and 
results so far achieved in the canonical quantization of supergravity theories. We restricted ourselves 
to a metric and fermionic differential operator representation ||ll-@l) 0-10' EH" SI- 
within the possible length assigned to these reviews. 

A particular emphasis was put on supersymmetric Bianchi minisuperspaces. These are simple 
models obtained from a truncation on the full theory of supergravity. In spite of such limitations, 
these models can provide useful guidelines concerning the general theory. But the canonical quan- 
tization of supersymmetric Bianchi models was soon confronted with troublesome prospects: few 
or no physical states seemed to be allowed [|l3l-[llll) [HD-Ull- This apparently implied that such 



minisuperspaces were useless models as far as the general theory was concerned. But a refreshing 
breakthrough has been recently proposed |jT3|, |14|, |2^, providing the correct spectrum of solutions. 
Hence, the subject gained new momentum. 

The inclusion of matter in supersymmetric FRW and Bianchi models brought further difficulties: 
results were apparently incompatible or incomplete |jl9|, |31|, |33|, ^ and no states could be found 
in other cases pSl p9i. However, some interesting results and recent improvements are described in 



ref. [3B|, As far as (more complicated) Bianchi models derived from N=2 supergravity are 
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concerned, these were shown not to preserve fermionic number due to the presence of the Maxwell 
field @§§. 



The canonical quantization of the general theory was also addressed here. Premature claims for 
the existence of states with finite fermionic number |^T], ^ were opposed by unavoidable objections 
In fact, it was shown in ref. p8| , P9|] that quantum states could only have an infinite 
fermionic number, in accordance with what was predicted in Such a solution was presented in 



ref. and shown to correspond to a wormhole solution in a minisuperspace sector. 

The following table summarizes the type of solutions found so far within the canonical quanti- 
zation of = 1 and N = 2 supergravities. The initials/ symbols HH,WH,CS and "?" stand for 
no-boundary (Hartle-Hawking), wormhole (Hawking-Page), Chern-Simmons solutions and not yet 
found, respectively. For further details, the interested reader ought to consult sections 2, 3 and 4 
and the references thereby mentioned. 



Models 


A; = +1 FRW 


Bianchi class-A 


Full theory 


Solutions \ 








Supergravity theory J, 








Pure N=l 


HH, "WH" 


HH, WH 


WH 


N=l with A 


HH 


CS ^^ 'WH" , HH 


? 


N=2 




CS 


CS 


N=l with scalar fields 


not quite HH or WH 


Not WH or HH 


? 


N=l with vector fields 


HH, WH 


? 


? 


N=l with general matter 


^ = 


? 


? 



But on the other hand, we also wanted to motivate further research. The canonical quantization 
of supergravity theories is by no means a closed book. There are still many open (and serious) 
problems. These are waiting for adequate explanations in order to safeguard the future of the 
subject. Hence the subtitle shaken not stirreS^: super symmetric quantum cosmology may seem 
afflicted by current disapointments but if substantial energy and committment are invested, we may 
still achieve a sucessful outcome. We thus reach the end of this review. However, this is not the end 
for supersymmetric quantum cosmology. In fact, let us consider this point as an intermediate stage 
and bequeath a series of further tempttag challenged for the carromcal quarrtization of supergravity: 



Why a comprehensible identification of the Hartle-Hawking solution for FRW models in N=l 
supergravity with scalar supermultiplets |Q has been so problematic. For recent improvements 
see ref. ^ 0; 

Why there are no physical states in a locally supersymmetric FRW model with gauged super- 
but we can find them in a FRW model with Yang-Mills fields 



matter 



[see also ref. 



Obtaining conserved currents in supersymmetric minisuperspaces from \E' It seems 

that this is not possible unless vor very simple cases (see ref. p9| , |iO[] for more details); 

The validity of the minisuperspace approximation in locally supersymmetric models; 

Including larger gauge groups in supersymmetric FRW models with supermatter; 



^■^British agent James Bond (007) usual motto when asking for his dry martini. 

^"^Where the author and coUaborators have been currently involved regarding some of them. 
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In the approach of ref. [T^, the correct spectrum of solutions can only be achieved from an 
associated Wheeler-DeWitt equation. Could we regain the same results but directly from the 
supersymmetry constraint equations in |[30[]? 



The approach of ref. produces different amplitudes in the same fermionic sector. But in 



[13, n] the amplitude in the same fermionic sector are re-expressed in just a single one, which 
satisfies a Wheeler-De Witt-type equation. Any relation with the above point or something else 
deserves further exploration? 

Obtain a satisfactory supersymmetric FRW model with just gauge fields from suitable ansatze 
for the vector and fermionic fields P^ ; 



Study the canonical quantization of black-holes in N=2 and N=4 supergravities (see ref. 
|111| , |112|| for related issues); 



Perform the canonical quantization of FRW models in N=3 supergravity; 



Analyse the Chern-Simons states |^-|^, ||9^, |109| , |llCl(| (Recent contributions present in 
ref. [ |116| , |117| may prove to be useful in addressing this issue). Are these enough and 
physically valid? Should we (and how) consider other solutions? 



Describe the results and features present in ref. [|73| , [85|1 concerning finite probabilities for 
photon-photon scattering in N=2 supergravity but now from a canonical quantization point of 
view; 

Try to obtain a no-boundary (Hartle-Hawking) solution, as well as other solutions corresponding 
to gravitons (in the same sector) or pairs of gravitinos (in sectors differing by an even fermion 
number) as quantum states in the full theory ^U\. It would also be important to consider the 
case where supermatter is present; 



Deal properly with any divergent factor present in section 2.3 and ref. ||50| ; 

Study the canonical quantization of supergravity theories in c? > 4 dimensions; 

The study of FRW supersymmetric minisuperspaces within a a superspace formalism has been 
recently brought back | |119| j (see ref. | 

as mentioned in [|119|| ) to consider Bianchi models and FRW models with super- 



for a former description). It would be particularly 

interesting ' ' ^ 

matter. Namely, to see if the problems afflicting the FRW models mentioned in this review 
still remains. 

Another issue of interest is that the action of pure N=l supergravity with boundary terms 
currently used ^ is not fully invariant under supersymmetry transformations. But a particular 
fully invariant action has been presented in ref. for the case of Bianchi class A models. A 
generalization of this action for the full theory would be most welcomed |^T| (see ref. | 113 | for 
a related discussion in the context of general relativity). Then proceed with the corresponding 
quantization and obtain physical states; 

It would also be particularly interesting to address the following (fundamental) issues of quan- 
tum gravity but now within a supersymmetric scenario: the problem of time and how classical 

T5[] and subsequently in ||120|| for an analysis of the problem 
introduce and discuss the issue of retrieving 



properties may emerge. See ref. 
of time in quantum supergravity. Ref. ||39|, |40 



classical properties from supersymmetric quantum cosmologies; 
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